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1-1 Pie Charts
Objectives
Students will be able to
•
•
•

Estimate the absolute size of the portions of a pie graph given its reference value.
Be able to create a frequency chart from a pie chart.
Estimate values without exact percentages given.

Introduction
a) Imagine your time schedule for today (all 24 hours). Try to estimate what you were doing during each hour,
and what it will look like for the rest of the day, and fill it into the schedule below. You can abbreviate your
activities using letters; for example: S = sleep, C = class, etc. If you think one of the hours is split for more than
one activity, choose the activity which is using most of that hour.
12 am
6 am
12 pm
6 pm
1 am

7 am

1 pm

7 pm

2 am

8 am

2 pm

8 pm

3 am

9 am

3 pm

9 pm

4 am

10 am

4 pm

10 pm

5 am

11 am

5 pm

11 pm

b) For each category created, count how many hours from today are being spent and record them below.

c) Next, let’s create a pie chart of our day. To the right is a pie cut into
24 equal slices, one for each hour of the day. For each activity, outline
and shade in the corresponding number of hours spent, then label
each section with the specified activity filling amount of time. For
example: If you spent 3 hours total in class, then outline and shade 3
slices, and label it as “class.”
d) Which activity of the day took up the largest slice of the pie? What does this mean in context?
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Learn the Basics
Solving percent problems To solve percent problems we use this relationship:
𝑎𝑚𝑜𝑢𝑛𝑡 = 𝑝𝑒𝑟𝑐𝑒𝑛𝑡 · 𝑤ℎ𝑜𝑙𝑒
or
𝑝𝑒𝑟𝑐𝑒𝑛𝑡 =

𝑎𝑚𝑜𝑢𝑛𝑡
𝑤ℎ𝑜𝑙𝑒

Warm up your ability to work with percentages.
(1) What is 30% of 250?

(2) What is 72% of 30?

(3) 20 out of 500 is what percent?

(4) 35 out of 52 is what percent?

Introduction to Pie Charts
Graphs are a helpful way to summarize data. Often there are many ways to portray information graphically.
Sometimes one form is easier to read than another and sometimes the way a graph is made can affect the
impression it gives. In today’s lesson, you will learn about one specific type of graph called a pie graph or
pie chart.
A pie chart often displays the percentage of a whole that fall in a given category. In order to find the absolute
number that fall in that category, we need to be given a reference value—i.e. a value that gives the total
number represented in the pie chart.

4

(1) According to the graph, what percentage of people prefer to grow their own vegetables versus buy their
vegetables from the store?

(2) Suppose we wish to know how many people actually responded that they prefer to grow their own
vegetables. Why are we unable to calculate this value? Write your answer, then discuss the answer with those
around you.

(3) Using the information from question (2), suppose we know that 200 people took part in the survey. Now,
find the number of people who actually stated that they prefer to grow their own vegetables instead of buying
it at the store. Show the calculation.

(4) Suppose that the 15% from the survey can be used to estimate the number of people in a given town who
prefer to grow their own vegetables. If this town has 5215 people, estimate how many people in the town
would prefer to grow their own vegetables. Show the calculation.

Creating a Frequency Table from a Pie Graph
A frequency table is a useful way to quickly see how many values fall in each category. A frequency table will
show the categories in one column and their corresponding frequencies (or counts) in a second column.
Example: In the last section, we found that out of the 200 people surveyed 30 people (equivalent to 15%)
preferred to grow their own vegetables. Likewise, 85% of 200 people preferred to buy it at the store. This
gives us
0.85(200) = 170 𝑝𝑒𝑜𝑝𝑙𝑒
So 170 prefer to buy their vegetables at the store. Here is the frequency table that represents this.
Preference Category
Grow their own vegetables
Buy their vegetables at the
store
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Frequency
30
170

(5) Using the pie graph below, create a frequency table if the number of people represented in the graph is
600 people.

Type of Phone

Frequency

Estimating Values and Without Exact Percentages
Pie graphs allow us to visualize parts of a whole easily, but sometimes the exact percentages are not given to
us. In these cases, we can often visually estimate the values to give us figures that may be close to the actual
answer. In order to do that, we should be able to visualize some common percentages and easy to see
percentages.
(1) Does the shaded part of the pie graph represent more than or less than 50%?
If this represents 200 people, would the shaded region represent more than or
less than 100 people? Give an actual number estimate.

(2) More than or less than 25%?
Estimate the number out of 1000 people.

(3) More than or less than 75%?
Estimate the number out of 500 people.
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(4) A survey of 2,000 students at a local college was conducted and students were asked how many hours they
spend studying for their math class each week, on average. The results are shown in the pie graph below.
Create a Frequency Table that estimates the number of students who fall in each category out of the 2,000
surveyed.
Hint: Answers may vary slightly, but what should the sum of all the frequencies be equal to?

Finding Percentages When a Pie Chart Gives Actual Values
Sometimes, rather than giving percentages, a pie chart will shows the actual values for each category. We can then find
the percentage by understanding that each slice is a part of the total represented. We just need to find the total amount
represented in the pie chart first by adding all the categories together!
Suppose the annual budget of a small social club is represented into the pie chart below.

(1) What is the total budget for all of the categories
combined?

(2) What percentage of the total budget is spent on Food?

(3) What percent of the budget is spent on Give Aways?
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Applications
(1) Based on the graphs below, do you think this statement is true or false?

The number of non-Hispanics in the United States is expected to decline between 2010 and 2050.

2010 US Population

2050 US Population
(Projected)

Hispanic
16%

Hispanic
30%

Not
Hispanic
84%

Not
Hispanic
70%

(2) The U.S. population in 2010 was around 310,000,000. In 2050, the U.S. population is expected to be

around 439,000,000. Find the number of Hispanic and non-Hispanic Americans at each time.

(3) Does your work in Question (2) confirm or contradict the statement in Question (1)? Explain.

8

1-2 Bar Charts
Objectives
Students will be able to:
● Read bar charts
● Compare data in bar charts using percents
Students will understand that:
● the scale on graphs can change perception of the information they represent.
● to fully understand a pie graph, the reference value must be known.
Students will be able to:
● calculate relative change from a line graph.
● estimate the absolute size of the portions of a pie graph given its reference value.
● use data displayed on two graphs to estimate a third quantity.

Graphs are a helpful way to summarize data. As a general guide to reading graphs well, you may review
the Resource Page on “Understanding Visual Displays of Information”.
Often there are many ways to portray information graphically. Sometimes one form is easier to read than
another. Sometimes the way a graph is made can affect the impression it gives. Today, you will look at
examples of such bar charts.

Problem Situation 1: Reading Bar Graphs
In this example, we will be looking at bar graphs. Before doing that, answer the question about Jeff’s Housing
so that you can understand the questions about national debt and GDP that follow.
Two pairs of statements about Jeff’s Housing are given below.
In 1990, Jeff spent $700 per month on
housing.
In 2010, Jeff spent $1,400 per month on
housing.

In 1990, Jeff spent 20% of his income on
housing.
In 2010, Jeff spent 10% of his income on
housing.

(1) Under what conditions, if any, can both pairs of statements be true?

Applications
“What is your perception of your own body? Do you feel that you are overweight, underweight, or about
9

right?” A random sample of 1,200 college students were asked this question as part of a larger survey. The
following table shows part of the responses.
Student

Social Media App

student 25

overweight

student 26

about right

student 27

underweight

student 28

about right

Below is the frequency table for the results of the survey.
Body Image Distribution
category

frequency

percent

About right

855

71.3%

Overweight

235

19.6%

Underweight

110

9.2%

In order to visualize the numerical summaries we've obtained, we need a graphical display. There are two
simple graphical displays pie charts (which we learned in 1.1) and bar charts.
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1) What is the difference between the two bar charts?

2) How are students divided across the three body image categories? Are they equally divided? If not, do the
percentages follow some other kind of pattern?

Bar charts and pie charts can used when counting responses that belong in a certain category. There are
certain cases where a bar charts may be more appropriate. Consider the chart below, summarizing research
published by EDUCAUSE. 1,500 college students were asked if the engage in 12 online activities through a
mobile app or not.
Student Mobile Access by Functional Activity

3) Why would a pie chart not be appropriate for this type of survey question?
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4) 3,500 college students who use dating apps were surveyed on how they use dating apps.
a) Which use has the highest percentage and
estimate the percentage.

b) How many students in the survey responded that
they use the dating apps to make friends?

5 - 6 Interpret the graph below to answer the following questions.

5) How many STEM students had a paid video streaming account in 2015?
6) Approximately how many more SLAM students had a paid video streaming account in 2017 compared to
2015?
7) Using the answer from #6, by what percent did the number of SLAM students with a paid video
streaming account increase by from 2015 to 2017?

8) A company's new widget has been growing in sales. The bar chart below shows sales in millions for the
years shown. In which year did sales first exceed 10 million widgets?
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9) The data in the figure below represents the number of stars earned by 140 performers in a talent
competition. How many performers earned exactly 2 stars?

10) Using the bar graph below, answer the following questions:
a) What is the average low temperature for
Bogusville in January?

b) What is the average high temperature for
Bogusville in June?

c) What is the difference in average high
temperature for Bogusville between the hottest
month and coolest month?

d) What is the difference between the average high and average low temperature for Bogusville in the
month of April?
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Class Activity
1) Let’s take some time to learn more about our class. Write down two things you might be interested in
learning about your classmates. We will call these variables, since the answers from each person may vary.
One example of a variable might be employment, where your classmates may answer as “full-time job”, “parttime job”, or “no job.”
1.
2.
2) Now, as a class, let’s come up with a list of 10 variables that we will actually explore. The instructor will
compile your answers from above onto the board, and we will choose our top ten.
3) Data Collection: Anonymously answer the survey questions into the boxes below. Then cut out the strips
and distribute them to their appropriate stations located around the room.
1.

2.

3.

4.

5.

6.

7.

8.

9.

10.
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4) Group Analysis of Data: You will be assigned into one of ten groups. Each group will be responsible for
organizing, analyzing, and reporting on one of the class variables.
a) First collect and group all of the class responses into piles. It is up to your group on how to categorize
each response. Once they are grouped, create a frequency table based on your categories.

b) Draw a bar chart that that visually shows the results of the survey. Be sure to clearly label your axes.

c) Based off your bar chart, what is one observation or conclusion that you and your group can state
about the class?

d) If your graph were to be used in in a test, write a potential question that may accompany your graph.
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1-3 (Part 1) Venn Diagram
Objectives
•
•
•

Learn and apply the union and intersection of sets.
Build Venn Diagrams
Application and Interpretation of Venn Diagrams

Group Activity
The Seven Word Life Motto is a statement that describes how you want to live your life every day (from
dictionary.com).
Independence
Competitive
straightforward
Ambitious
Work well w/others

Responsible
patient
flexible
Travel
Risk

Energetic
Honest
Open-Minded
Creative
Humor

Determined
Respect
Forgiving
Thoughtful
Practical

Trustworthy
Friendly
Organized
Caring
Adventurous

1.) Pick 7 words that best describe you from the table above.
2.) Pair up with someone else in the class that has at least one word in common with you.
3.) Draw a Venn Diagram with two circles. Label one circle with your name and the other circle with your
partner’s name.
4.) In the overlapping portion of the two circles (under the letter A location), write the word(s) that you
have in common with your partner.
5.) Inside the circle labeled with your name, but outside the overlapping portion (under the letter B
location), write any of your Life Motto words but not your partner’s Life Motto.

6.) Inside the circle labeled with your partner’s name, but outside the overlapping portion (under letter C),
write any of your partner’s Life Motto words but not your Life Motto.
7.) Make a list the remaining words that neither you nor your partner pick from the table above and write
those words outside of the circle but inside the rectangle (under the letter D location.)
8.) Write description of what you see in the Venn Diagram.
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Your Name:

Partner’s Name:____________________

B

A

C

D
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1) Suppose Kaitlin and Helen, decide to go out for dinner. They try to figure out which restaurant they should
go for dinner. Kaitlin likes salad, hamburger, steak, sushi, and pasta. Helen likes sandwiches, soup, salad,
sushi, and pasta.
a) What type of food(s) will both Kaitlin and Helen like?

b) If the restaurant includes all the foods from Kaitlin’s list and Helen’s list, then what type of foods will
they have in their menu?

Key Terms
A set is a collection of distinct objects.
Each object in a set is called a member, or element, of a set.
For Example, a set of all the months in a year is {January, February, March, April, May, June, July, August,
September, October, November, and December}. Each month is an element of this set.
The Intersection of two sets A and B is the set of elements in set A and also in set B. It is denoted by 𝑨 ∩ 𝑩.
The symbol ∩ means AND.

The Union of two sets A and B is the set of elements which consists all the elements of set A and all the
elements of B. It is denoted by 𝑨 ∪ 𝑩. The symbol ∪ means OR.
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2)

If A = {1, 2, 3, 4, 5}, B = {2, 5, 7, 9}, C = {3, 6, 9}, D = {1, 2, 3, 4, 5, 6, 7, 8, 9}.
Find the following:
𝑎. ) 𝐴 ∩ 𝐵

𝑏. ) 𝐴 ∪ 𝐶

d.) 𝐶 ∪ 𝐷

c.) 𝐶 ∩ 𝐵

3)

Using this Venn Diagram answer the following:
A

B
1

3

2
4

5

9

7
6

8

𝑎. ) 𝐴 ∩ 𝐵

4)

𝑏. ) 𝐴 ∪ 𝐵

Using this Venn Diagram answer the following:

Dogs

18

Cats

5

11

7

a)

How many people participated in this survey?

19

b)

How many people own cat, but do not own dog?

c)

How many people own neither dogs nor cat?

d)

How many people own dogs?

5) A survey asks "What beverage do you drink in the morning", and offers choices:
- Tea only

- Coffee only

- Both coffee and tea

- Neither coffee nor tea

The results are presented in the following Venn Diagram.

a.) How many people drink only coffee in the morning?

b.) How many people drink coffee in the morning?

c.) How many people do not drink coffee?

d.) How many people were surveyed?

20

6)

Draw a Venn diagram using all of this information on a survey of 35 college students:
24 like coffee
15 like tea
4 like both coffee and tea

7)

Cars in a parking lot:

a.) How many SUV's are in the parking lot?

b.) How many red Hondas are in the parking lot?

c.) How many of the red cars in the parking lot are not SUV's?

d.)

How many cars are in the parking lot?
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8)

For the given Venn diagram, write a sentence that would describe each number.
The diagram represents purchases of shoes.

Boots

Tennis shoes

9

8

6

11
12

5

4
7

a.)

9

b.)

8

c.)

11

d.)

12

e.)

5

Sandals
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9)

f.)

6

g.)

4

h.)

7

i.)

How many people participated in the survey total?

Draw a Venn diagram using all of this information:
In a survey of 450 college students, 260 take Math, 170 take History, and 220 take English.
70 students take both Math and History.
110 students take both Math and English
80 students take both History and English
50 students take all three subjects.

a) How many students are taking Math only?

b) How many students are taking English only?

c) How many students are taking History only?

d) How many students are not taking any of these courses?
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10)

A group of 2246 students were surveyed about the courses they were taking at their college with the
following results:
1028 students said they were taking Science.
1128 students said they were taking History.
1206 students said they were taking Psychology.
481 students said they were taking Science and History.
534 students said they were taking History and Psychology.
583 students said they were taking Science and Psychology.
278 students said they were taking all three courses.

a)

Draw a Venn diagram using all of this information:

b)

How many students are taking Science only?

c)

How many students are taking History only?

d)

How many students are taking Psychology only?

e)

How many students are not taking any of these courses?

Questions # 5 (id 125873), 7 (id 125882), 10 (id 125885).
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1-3 (Part 2) Writing and Solving Inequalities
Introduction
It is often necessary for homeowners to decide whether to hire someone to complete a job or attempt to do it
themselves. Although hiring a professional is often much easier, completing a DIY (Do-It-Yourself) project can be
substantially cheaper and can be quite rewarding for the homeowner!
Imagine you have to fill a 20 square foot area in your yard with concrete. According to homewyse.com, it would cost
approximately $300 to hire someone to complete the job1.
1) How much would you be willing to spend if you were to do the do the job yourself? Explain your answer.

2) Which phrase makes more sense to you?
a) I will do the job myself if the cost is less than $300.
b) I will do the job myself if the cost is greater than $300.

In mathematics, we prefer to use symbols to represent the words “less than” and “greater than”. We call these symbols
“inequalities”, and we will learn to use them in this lesson.

Lesson Objectives
Students will be able to:
•

Translate words and phrases into inequality statements.

Translating words into inequalities
Recall the inequalities you have learned about in the past.

Less than
Less than or
equal to

<
≤

Greater than
Greater than or
equal to

>
≥

It is easy to write an inequality statements like you did in the introduction when words such as “less than” or “greater
than.” However, in the English language, we often like to be more verbose, and use a variety of other words or phrases
that mean the same thing! Let’s explore a few of those phrases:

1

https://www.homewyse.com/services/cost_to_install_cement_slab.html
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Consider the following phrases and answer the questions:
1) You must be at least 21 years old to drink
alcohol.
a) Which ages below can legally drink alcohol?
Circle your answers.
18

19

20

21

22

23

b) Can a person who is exactly 21 years old legally
drink alcohol?
c) Write an inequality that represents “at least
21.”

2) A typical UberX car can fit at most 4 riders.
a) Can the car fit 6 passengers?
b) Which amounts below are possible numbers of
passengers that can fit in an UberX car?
1

2

3

4

5

6

c) Write an inequality that represents “at most
4.”

3) A candidate needs more than 50% of the vote
to win the election.

4) The weight of your luggage can be no more
than 50 lbs.

a) Which percentages below would be enough to
elect a candidate? Circle your answers.

a) Which luggage weights will be allowed on the
plane?

48%

49%

50%

51%

52%

53%

b) Can a candidate who earns exactly 50% of the
vote win the election?

48

49

50

51

52

53

b) Write an inequality that represents “no more
than 50.”

c) Write an inequality that represents “more than
50%.”
5) Lara will spend a maximum of $500 on her
computer.

6) The store has a minimum charge of $10 to use
a credit card.

a) Which amounts below are amounts Lara would
be willing to spend?

a) Which amounts below would you be able to
use a credit card to complete your purchase?

$480

$490

$500

$510

$520

b) Write an inequality that represents “a
maximum of $500.”

$530

$8

$9

$10

$11

$12

b) Write an inequality that represents “ a
minimum of $10.”

26

$13

List words or phrases that can be represented by the given inequality symbols. Start with the phrases listed, and feel
free to add other words or phrases that you know!
Starting list of phrases to include: at least, at most, more than, no more than, a maximum of, a minimum of, fewer than,
exceeds, does not exceed
Less than
<

Less than or equal to
≤

Greater than
>

Greater than or equal to
≥
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1-4 Histograms
According to the Expatistan Cost of Living Index1, Los Angeles has the 7th highest cost of living in the United
States. Your housing costs, meaning your rent or mortgage payment, are usually the largest expense in your
personal budget.
In Fall 2015, a college statistics class was asked the following question: “How much money do you spend on
your rent or mortgage payment each month?” The answers below are from the 35 students who responded.
1)

What information can you gain from a very quick glance at
the table? What insights do you see?

Table 1
Monthly Rent or Mortgage Payment ($)
0
1600
940
525
480
725

3500

1300

1540

800

500
2231
880
650
700

1600
564

895
1100

1750

2500

0

767

1800

145

800

775

1870

1250

421

995

500

500

400

0

Objectives
Students will be able to:
• Create a relative frequency table
• Create a histogram from a frequency table
• Analyze dotplots
• Describe the shapes of distributions

PART 1: Frequency Tables
One way to organize data so it easy to understand is to use a frequency table or frequency distribution. This
is a table that allows you to count how many data points fall into “bins.”
Look at Table 2 on the next page. The column called “Range” lists the bins into which the data will fall. The
“Tally” column is a place to put marks, one for each data point that falls into a bin. The “Frequency” column is
for writing down the final number of data points in each bin.

1

https://www.expatistan.com/cost-of-living
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Range
$0 - $499

Tally
I

$500 - $999

II

Table 2
Frequency

$1000 - $1499
$1500 - $1999
$2000 - $2499

I

$2500 - $2999
$3000 - $3499
$3500 - $3999
Table 3
Monthly Rent or Mortgage Payment ($)
0
1600
940
525
480
725

3500

1300

1540

800

500
2231
880
650
700

1600
564

895
1100

1750

2500

0

767

1800

145

800

775

1870

1250

421

995

500

500

400

0

•

Here are the data once again. The first four data points in the first column have been crossed off
because a “tally mark” has been placed in the “Tally” column to make sure it is counted. Are you sure
you understand why the four tally marks appear in the table where they do? If so, move on.

•

Continue down the first column, starting with the 880 entry. One by one, in order, place a tally mark in
the “Tally” column for each data value. Cross each data value off right after you place your tally. Finish
ONE column at a time.

•

When you are done, count the tallies for each bin (row) and write the number of tally marks for each
row in the “Frequency” column.

•

Check that the total matches the number of data points in the table. Also, check with your neighbor to
make sure your tallies and totals match.
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DO NOT MOVE TO PART 2 UNTIL YOU HAVE CHECKED YOUR TALLY AND
FREQUENCY VALUES WITH OTHERS AT YOUR TABLE.

PART 2: Histograms
As we have seen in Lessons 1-1 and 1-2, pictures can be helpful in understanding data. A histogram is a
graphical form of a frequency table. Recall what you learned about histograms in the Prep Assignment.

The graph you see below is called a histogram. The frequency on the vertical axis gives us the number of
students in Statistics Math146 in Spring 2016 at Seattle Central College who reported a particular average
commute time, measured in minutes, to get to school (one way).

Notice that there are several vertical bars. Each bar corresponds to a "bin" (sometimes called a "class"). The
first bin is for all students who report between 0 and 14 minutes for their commute time. The height of a bar
tells you how many students reported a commute time in a particular range...it's a count of how many data
points are in that bin.

For example, 7 students reported a commute time of 0 to 14 minutes, which you can read from the first bar on
the left. So the first bin has a height of 7.

Note in the graph above that the first bar contains all students who reported a commute time of 0-14 minutes.
If they reported a commute time of 15 minutes, they are counted in the SECOND bar. So, the second bar
counts all students who reported a commute time of 15 to 29 minutes. That pattern continues...the number
on the left side of the bar IS contained in that bar, but the number on the right side of a bar is contained in the
next bar. This is pretty common, but not all histograms will behave this way.
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1.)

How many students reported an average commute time of 15-29 minutes?

2.)

How many students reported an average commute time of 60 or more minutes?

3.)

How many students reported an average commute time of between 45 and 74 minutes?

4.)

Which bin of commute times describes the response of exactly 3 students about their commute time?
Give the range of the bin.

5.)

How many students reported an average commute time of 20 minutes?

6.)

What does the height of a bin represent on a histogram? In the rent/mortgage example, what would it
represent?

Building your Own Histogram
7.)

Create a histogram by drawing the bin heights that represent the frequency values from your
frequency table in Part 1. The first bin is done for you, but check to make sure you understand the
scale. Label the horizontal and vertical axes, since the labels are missing. Remember, the first bin
includes values from $0-$499. It does not include values of $500. (This was discussed in the Prep
assignment and an earlier page.) What does the histogram tell you about the data?
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12
6

PART 3: Dot Plots
The graph below is called a dotplot. Each dot here represents one value for that measurement. The graph
below shows the first exam scores for 100 students in MATH146 (Intro to Statistics at Seattle Central College).

8.)

Study the dotplot. What was the most common score on the exam? How many students earned that
score?

9.)

What percent of all of the students scored 90 or above? (Hint: Read the text above the graph one
more time.)

32

Read this paragraph carefully before you continue: Now consider a new dotplot, which shows the
distribution of U.S. household incomes in 2014. Each dot NOW represents approximately 1 million
households. The labels on the horizontal axis tell you where a range of income starts and each stack
of dots has a width of $5,000. For example, locate the stack of dots below the arrow, at the label 50,000. *This
stack of five (5) dots tells us that that there were about 5 million households that earned anywhere between
$50,000 and $54,999. (The next stack of dots is for incomes between $55,000 and $59,999.) Also, note that
there are approximately 7 million households (7 dots) with $200,000 or more income left off the graph.2

5 dots here means 5
million households
earned between
$50,000 and $54,999.

Have you read the paragraph above the new dot plot? If so move on. If not, go back.

10.)

The Wall Street Journal recently reported3 on a study saying, “As people earn more money, their dayto-day happiness rises. Once their income level reaches $75,000, it is just more stuff, with no gain in
happiness.” How many households made between $70,000 and $74,999, just shy of this “magic”
income?

11.)

Answer the following in full, complete sentences.
A.

Write a sentence about a different stack of dots on the graph (similar to the sentence in the
first paragraph at the top of the page marked with a *).

B.

Write a sentence about the two stacks of dots that are the tallest.

2

U.S. Census Bureau, Income and Poverty in the United States: 2014

3

http://blogs.wsj.com/wealth/2010/09/07/the-perfect-salary-for-happiness-75000-a-year/, retrieved April 25, 2016.
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Part 4: Shapes of Distributions
Dotplots and histograms are visual tools that allow us to see the “distribution” of a data set. The distribution
of a data set is a description of how the data set is spread out (where are most of the points, where is the
“center”, where are the largest and smallest values, etc.) These graphs help us to visualize the shape of the
distribution.

12.)

After reading the paragraph above, how would you describe the shape of the dotplot of Math146 exam
scores?

13.)

If you were the instructor looking at the dotplot, what would the graph tell you about how the class
performed on the exam?

A distribution is often called a normal distribution if:
a. It has a bell shape.
b. The bell’s peak occurs near the middle of the data.
c. The graph is (mostly) symmetrical

14.)

Based on the information in the box above, would you say the dot plot of Math146 Exam scores is a
normal distribution? Why or why not?

15.)

Would you say the dot plot of household income is a normal distribution? Why or why not?
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A distribution that is not centered at the middle is called skewed. If the data trails off to the
right, the data is called skewed right. If the data trails off to the left it is called skewed left.

16.)

Based on the information in the box above, would you now say the dot plot of household income is a
normal distribution, skewed right, or skewed left?

17.)

Look at your frequency histogram for the Statistics students’ monthly housing expenses at the end of
Part 2. How would you describe the shape of the histogram? Why do you think it is shaped this way?
(Why is there a tail? What does it mean?)

18.)

Think of a quantity from the real world that has a left skew. Sketch it with labels on both axes.

Part 5: Relative Frequencies
In the graph we saw before, the vertical axis represented the frequency, or the "count" for each bin. It looked
like this...
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Sometimes, histograms will be displayed with the relative frequency. The relative frequency is the percentage
or proportion of the total number of data points in a given bin. For this data set, you can count up the heights
of the bars and see that there are 44 data points (students). (You should verify that 44 is correct.) So, the first
bin, for students with 0 to 14 minutes of commute time, has a relative frequency of 7/44 = 0.16. That means
about 16% of students in this group of 44 have commute times of 0 to 14 minutes. Here is what the relative
frequency histogram looks like for these data...

Notice the vertical axis is a decimal, but you can convert the decimal proportion to a percentage by
multiplying by 100.

19.)

In the histogram above, estimate for the relative frequency of responses corresponding to commute
times of between 15 and 29 minutes.

20.)

Using the first histogram in Part 5 which gives the Frequency,

a.) How many data points (people) have commute times between 15 and 29 minutes?

b.) How many total data points (people) are included?

c.) Calculate the relative frequency of commutes between 15 and 29 minutes.
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In the Prep Assignment, you read about relative frequencies.
21.)

Look back at your Prep Notes for this Lesson. With your table partners, compare what you wrote about
the difference between a frequency histogram and a relative frequency histogram. Once everyone has
a good understanding of the difference, go back to the original frequency table in Part 1. Label the
blank column “Relative Frequency” and fill in the values. Before moving on, make sure to check your
relative frequency values with others at your table.

22.)

Now create another histogram, using the relative frequencies from your table. Each bar represents the
relative frequency for that bin, (or the percentage of the total). Be sure to label your axes
appropriately. Pay attention to how you scale the axes. (They should be percentages or decimals on
the vertical axis!)

500

23.)

1000

1500

2000

2500

3000

3500

4000

How does your relative frequency histogram compare to your frequency histogram from Part 2?
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1-5 Mean, Median, and Mode
Objectives
Students will understand
• that numerical data can be summarized using measures of central tendency.
• how each statistic—mean, median, and mode—provides a different snapshot of the data.
• that conclusions derived from statistical summaries are subject to error.
Students will be able to
• calculate the mean, median, and mode for numerical data.
• create a data set that meets certain criteria for measures of central tendency.

Introduction: Measures of Center
People often talk about “averages,” and you probably have an idea of what is meant by that. Now, you will look at more
formal mathematical ways of defining averages. In mathematics, we call an average a measure of center because an
average is a way of measuring or quantifying the center of a set of data. There are different measures of center because
there are different ways to define the center.

Think about a long line of people waiting to buy tickets for a concert. (Figure A shows a line about
100-feet long and each dot represents a person in the line.) In some sections of the line people are grouped together
very closely, while in other sections of the line people are spread out. How would you describe where the center of the
line is?

•
•
•

Would you define the center of the line by finding the point at which half the people in the line are on one side
and half are on the other (see Figure B)?
Is the center based on the length of the line even though there would be more people on one side of the center
than on the other (see Figure C)?
Would you place the center among the largest groups of people (see Figure D)?
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The answer would depend on what you needed the center for. When working with data, you need different measures
for different purposes. Three different types of averages are described below.

Mean (Arithmetic Average)
Find the average of numeric values by finding the sum of the values and dividing the sum by the number of values.
The mean is what most people call the “average.”

Example
Find the mean of 18, 23, 45, 18, 36
Find the sum of the numbers: 18 + 23 + 45 + 18 +36 = 140
Divide the sum by 5 because there are 5 numbers: 140 ÷ 5 = 28
The mean is 28.

Example
Find the mean of 1.5, 1.2, 3.7, 5.3, 7.1, 2.9
Find the sum of the numbers: 1.5 + 1.2 + 3.7 + 5.3 + 7.1 + 2.9 = 21.7
Divide the sum by 6 because there are 6 numbers: 21.7 ÷ 6 = 3.6166666666
Since the original values were only accurate to one decimal place, reporting the mean as 3.61666666 would be
misleading, as it would imply we knew the original values with a higher level of accuracy. To avoid this, we round
the mean to one more decimal place than the original data.
The mean is 3.62.

Median
Find the median of numeric values by arranging the data in order of size. If there is an odd number of values, the
median is the middle number. If there is an even number of values, the median is the mean of the two middle
numbers.

Example (data set with odd number of values)
Find the median of 18, 23, 45, 18, 36.
Write the numbers in order: 18, 18, 23, 36, 45
There is an odd number of values, so the median is the number in the middle.
The median is 23.

Example (data set with even number of values)
Find the median of 18, 23, 45, 18, 12, 50.
Write the numbers in order: 12, 18, 18, 23, 45, 50
There is an even number of values, so there is no one middle number. Find the median by finding the mean of the
two middle numbers:
18 + 23 = 41
41 ÷ 2 = 20.5
The median is 20.5.

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
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Mode
Find the mode by finding the number(s) that occur(s) most frequently. There may be more than one mode.

Example
Find the mode of 18, 23, 45, 18, 36.
The number 18 occurs twice, more than any other number, so the mode is 18.

Example
Find the mode of these quiz grades: 8, 9, 7, 10, 7, 5, 7, 10, 10, 4, 8.
The number 7 occurs three times, and the number 10 occurs three times. This is more than any other number. So,
there are two modes, 7 and 10.

Note on terminology
The terms mean, median, and mode are well defined in mathematics and each gives a measure of center of a set of
numbers. In everyday usage, the word “average” usually refers to the mean. But be aware that “average” is not clearly
defined1 and someone might use it to refer to any measure of center.

Problem Situation: Summarizing Data About Credit Cards
A revolving line of credit is an agreement between a consumer and lender that allows the consumer to obtain credit for
an undetermined amount of time. The debt is repaid periodically and can be borrowed again once it is repaid. The use of
a credit card is an example of a revolving line of credit.
U.S. consumers own more than 600 million credit cards. As of 2015 the average credit card debt per household with a
credit card was $15,863. In total, American consumers owe $901 billion in credit card debt.2 Worldwide the number of
credit card transactions at merchants was over 135 billion in 2011.3
Surveys indicate that the percentage of college freshmen with a credit card was 21% in 2012, while 60% of college
seniors had a credit card. One-third of the college students reported having a zero balance on their credit card. The
average balance carried across all students’ cards was $500. However, the median balance was $136.4
At www.creditcards.com it explains that card issuers divide customers into two groups:
•
•

"transactors" who use their cards for purchases and pay off the balances each month. Transactors pay off the
balance before any interest charges are applied.
"revolvers" who carry balances on their cards, paying interest charges month to month.5

1 http://www.merriam-webster.com/dictionary/average
2 http://www.nerdwallet.com/blog/credit-card-data/average-credit-card-debt-household/
3 http://www.creditcards.com/credit-card-news/card-transactions-rise-12-percent-135-billion-1276.php
4 https://salliemae.newshq.businesswire.com/sites/salliemae.newshq.businesswire.com/files/doc_library/file/Sallie_Mae_Report__How_America_Pays_for_College_Report_FINAL_0.pdf
5
http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php
The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
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The number of people who carry credit card debt, the “revolvers”, has been steadily decreasing in the U.S. since 2009.
By 2014 only one-third of adults surveyed said their household carries credit card debt. Fifteen percent of adults carry
$2,500 or more in credit card debt each month.6
In the first part of this lesson, you will use the information about credit cards given above to learn about some ways to
summarize quantitative information.
(1) (a) The population of the United States is slightly more than 300 million people. There are about 100 million
households in the United States. Use the information above to find:
- What is the average number of credit cards per person?
- What is the average number of credit cards per household?
(b) In the U.S. the average number of credit cards held by cardholders is 3.7.7 Why is this answer different than the
average number of credit cards per person you found in part (a)?

(2) Consider the statement, “Average credit card debt per household with a credit card is $15,863.”
(a) Does every household with a credit card have this much debt?

(b) What does the statement mean?

(c) If about 45% of households with credit cards carry no debt, what does that indicate about the amount of debt of
some of the other 55% of households?

6 http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php
7 http://www.creditcards.com/credit-card-news/credit-card-debt-statistics-1276.php
The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
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(3) The introduction states that the average balance carried across all college students’ cards was $500. Imagine you
ask four groups of six college students what their credit card debt is. The amount of dollars of debt for each student
in each group is shown in the table, values listed in order of size.
Data in $

Mean

Group A

Group B

Group C

Group D

0

500

410

0

100

500

?

0

110

500

480

0

170

500

490

0

1000

500

550

0

1620

500

610

3000

Data you create

500

Median
Mode
(a) Find the mean debt of each groups A, B, and D of college students and record it in the table. Make sure the
value you found is reasonable given the values for that group.
(b) Find the missing data value from Group C of college in order for the group to have the mean indicated.
(c) Create a new different set of six numbers that represent the debt of six college students who have a mean debt
of $500. Write your list in “Data you create” column of the table.
(d) Find the median of each set of data, including the one you created, and record it in the table.
Find and record the mode of each set of data.
(e) For each group, do you think one of the measures of center is better or worse at describing the nature of the
data in that group? Explain.
(f) Observe the medians and the data values of each of the groups. For each statement below, indicate if it is true
for: None of the groups, Some but not all of the groups, or All of the groups.
i) At least half of the data values are less than the median.
ii) At least half of the data values are either less than or equal to the median.
iii) At least half of the data values are greater than the median.
iv) At least half of the data values are either greater than or equal to the median.
v) At least half of the data values equal the median.
(g) Recall that college students’ credit cards carry a mean balance of $500 while having a median balance of $136.
What does this indicate about the distribution of credit card debt among various students? Does one of the
Groups in the table have a distribution similar to this?
The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
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(4) A survey in 2012 indicated that college freshmen carry a mean credit card debt of $611 but $47 is the median of
their credit card debt.8 Create a data set of five freshmen students so that the data set has a mean and median that
is the same as that of the surveyed college freshmen.
Debt of some College freshmen

Problem Situation 2: Weighted Means
Sometimes you want to find the mean average of some numbers, but the numbers are not “equally important” or in
other words they don’t have the same “weight” or “frequency”. In that case we find the “weighted average” of the
numbers.

Example: mean credit card debt:
Suppose researchers at a small two-year college surveyed students who have credit cards and report the following:
Mean credit card debt of $350 for 114 freshmen surveyed
Mean credit card debt of $285 for 220 sophomores surveyed
If we want to know overall for all the surveyed students what their mean credit card debt was, we cannot simply
average $350 and $285 since these numbers are not equally “weighted”. The $350 was an average for only 114 people
while the $285 was an average for a larger group of 220 people. The way to find the overall average credit card debt for
all students surveyed is to multiply each of the values by its “weight” or “frequency” or “importance” before adding
them together, and then divide by the total “weight” or “frequency”.
Overall mean =

!"#(%%&) ) *+"(**#)
%%& ) **#

=

%#*,##
!!&

= 307.19

Conclude: The mean credit card debt of all the students surveyed was about $307

https://salliemae.newshq.businesswire.com/sites/salliemae.newshq.businesswire.com/files/doc_library/file/Sallie_Mae_Report__How_America_Pays_for_College_Report_FINAL_0.pdf

8

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
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Example: Weighted grade averages in a course:
Suppose a History course has a midterm, a final exam, and a 20 page report, and the syllabus states they have these
weights in determining the final course grade:
midterm - 20%; final exam - 45%; report - 35%.
Kim’s grades in the course were these:
Midterm – 82;

final exam – 89;

report – 93.

Kim’s final grade in the course is found by the weighted average:
+*(.*#) ) +.(.&") ) .!(.!")
.*#) .&") .!"

=

+.
%.##

= 89 Kim’s final course grade is 89.

Note: If the grades were not weighted, Kim’s average would be (82 + 89 + 93)/3 = 88

(5) Researchers at Acme groceries studied how long customers had to stand in the check-out line. One day 35
customers spent on average 7.7 minutes each in the check-out line. The next day 24 customers spent an average of
6.5 minutes each. What is the overall average time customers spent in line?

(6) Your college GPA is a weighted mean. The grade earned in each class needs to be weighted by the number of credits
for the class. Compute the GPA for a student who has earned the following credits:
English 101 (5 credits) with a grade of 3.0,
Math 96 (7 credits) with a grade of 3.2,
Public Speaking (5 Credits) with a grade or 3.6,
Chemistry 100 (5 credits) with a grade of 2.7, and
College Success (3 credits) with a grade of 3.8.

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
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(7) Activity for outside of class: Check your current overall grade for this course by calculating the weighted average.
•
•
•

First your percent grade in each category must be determined.
Then you need to know the “weight” for each category, from the syllabus.
Then calculate the weighted average:

a) Multiply each category’s grade by the “weight” for that category
b) Add together all of those values
c) Divide it by the total of all the “weights”

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
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1-6 Measures of Spread and Standard Deviation
Objectives
Students will be able to
• Calculate a standard deviation for a set of data.
• Interpret a standard deviation in context.

Introduction
Two car manufacturers are developing new hybrid cars, and they are required to test and report their average MPG
(miles per gallon) on a random sample of ten cars. Both companies claim that their tests on their ten cars attained an
average of 72.1 MPG.
Here are their results:
Company 1
48, 52, 55, 78, 89
57, 78, 88, 87, 89

Company 2
68, 70, 72, 74, 76
69, 69, 74, 71, 76

a) As stated, both companies have an average of 72.1 MPG. What is one difference that you see between the data
collected from the two companies?

b) Based on the results above, if you were to buy one of the new hybrids produced by these two companies, which
company would you choose and why?

Learning the Basics
Sample Dataset 1
4, 4, 5, 6, 6
1) REFRESH: Calculate the means for both datasets:

Sample Dataset 2
1, 2, 3, 9, 10
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2) Let’s create dotplots for both datasets. To create a dotplot, we just draw a dot for each value on the number line. If a
dot already exists, we stack the next dot above it.
Data Set 1

Data Set 2

3) Write down and discuss any observations that you have.

4) In order to understand the behavior of a distribution of data, we need to understand both the measures of
_____________________________ and __________________________

RANGE
RANGE is a measure of spread. To calculate it, we measure the DISTANCE between the highest and lowest values.

𝑅𝑎𝑛𝑔𝑒 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 − 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

5) Calculate the ranges for Data Sets 1 and 2.
Sample Dataset 1
4, 4, 5, 6, 6

Sample Dataset 2
1, 2, 3, 9, 10

6) Which dataset has the largest range? Does this correspond with your observations from the dotplot? Explain.
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Measuring Deviations from the Mean
Although the range of a dataset can sometimes be useful, it doesn’t tell us the whole picture since it only uses the
highest and lowest values, and ignores all of the values in between. A more useful strategy for measuring spread would
be to look at how far every data point is from the center (the mean) of the dataset.

7) Draw the dotplots for both datasets below, again.
Data Set 1
0

1

2

3

4

5

6

7

8

9

10

0

1

2

3

4

5

6

7

8

9

10

Data Set 2

8) The line in the center represents the mean of both datasets. Draw a line from each data point to the mean line in the
center. Each line represents a deviation from the mean. Then, measure how far each point deviates from the mean by
measuring each line drawn. Record each deviation in the table below. Use only positive values.
Dataset 1 Deviations

Dataset 2 Deviations

9) Which dataset has a greatest deviations from the mean? Does this correspond with your observations from the
dotplot? Explain.

Standard Deviation
Now that we understand how we can use deviations from the mean to measure spread, we can look at one of the most
common forms of measuring spread in a set of data: standard deviation.

The standard deviation tells us the typical amount of deviation from the mean that we see in our data. The
formula below will calculate the standard deviation. It may look scary, but we will break it down into steps and
show how this method represents the average deviation.
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Population Standard Deviation Formula

𝜎=-

∑(𝑥 −
𝑁

𝜎

𝜇 )2

𝑥
𝜇
𝑁

This formula can be broken down into five steps:
M ean
D ifference
S quare
A verage
R oot

Mean
𝜇

Difference
(𝑥 − 𝜇)

Square
(𝑥 − 𝜇)2

Average
∑(𝑥 − 𝜇)2
𝑁

Root

Find the center of the
data

For each value,
subtract the mean.
This calculates each
value’s deviation.

Square each
deviation. This makes
all deviations
positive, and also
makes larger
deviations have a
greater weight.

Find the average of
the squared
deviations by adding
and dividing by the
number of values.

Since we squared the
deviations, taking the
square root cancels
the square on our
units.

Average

Root

∑(𝑥 − 𝜇)2
𝑁

8) Example: Calculate the population standard deviation by hand.
4, 4, 5, 6, 6
Mean

Difference

Square
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9) Practice: Calculate the population standard deviation by hand.
1, 2, 3, 9, 10
Mean

Difference

Square

Average

Root

Applications
10) Example: Listed below are the recent annual compensation amounts (in millions of dollars) for four chief executive
officers (CEO). (Ford, Coca-Cola, Intel, and Boeing).
17.7

19.6

12.4

Calculate the mean and standard deviation of this population.

Interpret the standard deviation in the context of the problem:
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14.8

11) Example: Without doing any calculations, which data set would have the largest standard deviation? Which would
have the smallest standard deviation?

Explain how you know.

12) On the most recent Statistics test, the instructor posted the following statistics for the class.
The class mean was 72.4, and the standard deviation was 11.7.
Interpret the standard deviation in the context of the problem:

Discussion (be ready to share!):
You look at your own test score and see that you scored a 62. Do you think your score is unusually low compared to the
class? Why or why not?
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2-1 Probability
Objectives
Students will understand
• the difference between empirical and theoretical probability
• the importance of events not being equally likely
Students will be able to
• compute and interpret basic probabilities
• express probabilities as a percent chance

Problem Situation: Playing a game.
In this lesson, you will learn how to evaluate how likely an event is to occur or not occur. Any random event can have
different outcomes.
Suppose you are playing a casual game with two teams of friends. The host team has decided to let you pick one of the
following random events to help decides who goes first, but first let’s consider all the possible outcomes in each event:
(1) You flip a coin

(2) You roll a die

(3) You spin the spinner below:
Red

Blue

Green

Red

Blue

When looking at the spinner, we see that certain outcomes occur less than others. One way we could summarize
those outcome as a fraction.
(4) Determine the fraction of the spinner that is blue. Write this fraction as a decimal and a percent.

(5) Certain card games use multiple decks. If playing a game with 364 cards and 25% are spades, how many cards
are spades?
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You and your friends decide to flip a coin to see which team will go first. You and your friends have played this game many
times before and one friend always offers to flip the coin. You have observed that heads has come up only twice in the
last 10 flips of the coin.
(6) Is it unusual for heads to show up only 2 times when flipping a coin 10 times? Explain.

What we are interested in here is an understanding of the probability of flipping heads. Probability is a mathematical
description of randomness and uncertainty. It is a way to measure or quantify uncertainty. Another way to think about
probability is that it is the official name for "chance." One way to think of probability is that it is the likelihood that
something will occur. Probability is used to answer the following types of questions:
• What is the chance that it will rain tomorrow?
• What is the chance that a stock will go up in price?
• What is the chance that I will have a heart attack?
• What is the chance that I will live longer than 70 years?
• What is the likelihood that when rolling a pair of dice, I will roll doubles?
• What is the probability that I will win the lottery?

Each of these examples has some uncertainty. For some, the chances are quite good, so the probability would be quite
high. For others, the chances are not very good, so the probability is quite low (especially winning the lottery).
Certainly, the chance of rain is different each day, and is higher during some seasons. Your chance of having a heart attack,
or of living longer than 70 years, depends on things like your current age, your family history, and your lifestyle. However,
you could use your intuition to predict some of those probabilities accurately, while others you might have no hunches
about at all.

What values can the probability of an event take, and what does the value tell us about the likelihood of
the event occurring?
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(7) Probability is a measure of how likely an event is to occur. Estimate a probability that best matches each of the
following statements:
a) The event is nearly impossible: ________
b)

This event will occur often, but is not extremely likely: _________

c) The event will occur for sure: _______
There are two fundamental ways we can determine probability.
• Theoretical (also known as Classical)
• Empirical (also known as Observational)

Theoretical methods are commonly used for games of chance, such as flipping coins, rolling dice, spinning
spinners, roulette wheels, or lotteries. They are "theoretical" because their values are determined by the
design of the game itself.

(8) In each of the games below, look at the possible outcomes and the design of the game to determine the probability
of the stated outcome.
a) You flip a coin, what is the theoretical probability of flipping heads.

b) You roll a die, what is the theoretical probability of rolling a 3?

c) You spin the spinner below, what is the theoretical probability of the spinner landing on blue?
Red

Blue

Green

Red

Blue

The empirical method involves the calculation of the relative frequency. To estimate the probability of
event A, written P(A), we may repeat a random experiment many times and count the number of times
event A occurs. Then P(A) is estimated by the ratio of the number of times A occurs to the number of
repetitions, which is called the relative frequency of event A.
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(9) In each of the games below, use the results of the experiment to calculate the stated empirical probability.
a) You flip a coin 10 times, and heads shows up twice.

b) You roll a die 25 times, “3” shows up 5 times.

c) You give a spinner 20 spins and it lands on blue 7 times.

Comparing “Empirical” and “Theoretical” probabilities.
"Let's Make a Deal" was the name of a popular television game show, which first aired in the 1960s. The "Let's Make a
Deal" Paradox is named after that show. In the show, the contestant had to choose between three doors. One of the doors
had a big prize behind it such as a car or a lot of cash, and the other two were empty. (For entertainment's sake, each of
the other two doors had some stupid gift behind it, like a goat or a chicken, but we'll refer to them here as empty.)
The contestant had to choose one of the three doors, but instead of revealing the chosen door, the host revealed one of
the two unchosen doors to be empty. At this point of the game, there were two unopened doors (one of which had the
prize behind it)—the door that the contestant had originally chosen and the remaining unchosen door.
The contestant was given the option either to stay with the door that he or she had initially chosen, or switch to the other
door.
(10) What do you think the contestant should do, stay or switch? What do you think is the probability that you will win
the big prize if you stay? What about if you switch?

(11) We will run a simulation to determine the probability of winning if you stay. Visit the link to play the game:
http://bit.ly/montyhall2. Play the game 10 times “Staying” with your original choice each time.
Based on your 10 trials what was the probability that if you stayed you won? Is this an empirical or theoretical
approach to calculating the probability?

(12) Now run the simulation 100 times, what was the probability you won the “grand prize” if you stayed with your
choice? Does this surprise you?
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(13) Most people are surprised with the results of this simulation, and it can seem counterintuitive. We may want to look
at the theoretical probability of winning if you “stay” versus “switch”. Let’s use the table below to summarize the
possible outcomes in this game.
Switch

Stay

Door A “prize”

Door B “goat”

Door C “goat”

(14) Looking only at the column where you stayed with your original choice, what is the probability that you win the
“grand prize”?

(15) Looking only at the column where switched your door, what is the probability you win the “grand prize”?

(16) You can see calculating the theoretical probability is not always as intuitive as flipping a coin. If you were asked to
calculate the probability that college students eat breakfast before coming to class, which type of probability would
calculate (theoretical or empirical)? Explain.

For the following question, state whether you are calculating a theoretical or empirical probability, calculate the
probability, and answer with a sentence.
(17) Researchers discovered at the beginning of the 20th century that human blood comes in various types (A, B, AB, and
O), and that some types are more common than others. If 45,146 babies out of 100,000 births in the U.S. are born
with type O blood. Determine the probability of a randomly selected birth resulted in a baby being born with O Blood
type?
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(18) You have a container with 3 red balls and 1 yellow ball. What is the probability of selecting a red ball?

(19) A group of 460 college students was surveyed over several typical weekdays, and 253 of them reported that they had
eaten breakfast that day. Let B be the event of interest—that a college student eats breakfast. Find P(B).

(20) A movie theater kept track of sales of tickets for a showing of a new
movie. What is the probability that a randomly selected movie goer in
the theatre is a child?

type of ticket
adult
child
senior

number
133
34
53

(21) A container has 15 large and 28 small paper clips. You randomly select a paper clip without looking
What is the probability it is a large paper clip?

(22) A sandwich shop kept track of the bread used on sandwiches sales for a
week (the results are below). Based upon these results, what is the
probability that a randomly selected customer will order wheat bread?
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type of bread
rye
sourdough
squaw
wheat
whole grain

number
249
132
207
344
368

2-2 Dimensional Analysis Lesson
Objectives
Students will understand that
• units provide meaning to numbers in a context.
• the units in an expression may be used as a guide for needed conversions.
Students will be able to
• use units to determine which conversion factors are needed for dimensional analysis.
• use dimensional analysis to convert units and rates.

Introduction to Dimensional Analysis
Most numbers used in the real world have units attached, which clarify what the number is referring to. Examples of
units are gallons, dollars, meters, miles, and pounds. Some units are for geometric measurements such as area or
volume. Many disciplines such as medicine or engineering have special units for use in their field.
This lesson will focus on a valuable strategy for converting from one set of units to another. This skill is called
dimensional analysis. It is also known as unit analysis, unit-factor conversion, and the factor-label method.
The dimensional analysis strategy is based on three familiar ideas:
•

A fraction with equivalent expressions in the numerator and the denominator is equal to the number one.
Examples:

•

3a
=1
3a

2+5
7

! #$ %

=1

! #$ %

=1

Multiplying something by the number 1 does not change its value.
Example:

$4.99
$4.99
×1 =
2 pounds
2 pounds

However, multiplying by the number 1 can be used to change the way a something appears.
Example: to rewrite fifths as tenths:
•

4
4 2 8
=
× =
5
5 2 10

When multiplying fractions, if a factor occurs in both the numerator and the denominator, it can be divided out.
The common factor may be a number or a variable. Example:

3g m 3 × g × m 3 × g × m 3 × g m 3 × g
3× g
3g
=
=
=
× =
× =
×1 =
7m 2 7 × m × 2
7×2×m 7×2 m 7×2
7×2
14

The key to unit conversions with dimensional analysis is multiplying by the number one in the form of a conversion
fraction. Conversion fractions are fractions with different units in the numerator and denominator but in which the
value of the numerator equals the value of the denominator.
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Examples
Since 3 feet is equal to 1 yard, the fraction

3 feet
1 yard
= 1 and also the fraction
= 1.
1 yard
3 feet

Since 1 hour equals 60 minutes, the fraction

1 hour
60 minutes
= 1 and also the fraction
= 1.
60 minutes
1 hour

To use the dimensional analysis method
Start with the original quantity and multiply it by the number 1 written as a conversion fraction of two units so that the
units you don’t want can divide out of the numerator and denominator.
Example 1. Convert 300 feet to yards.

Example 2. Convert 30 ounces of weight to the metric unit of grams. Determine conversion factors from the Unit
Equivalencies table below, in the part for weight and mass.

Here is a link to a video that gives more examples of converting units using dimensional analysis.
https://www.youtube.com/watch?v=7N0lRJLwpPI
To create conversion fractions equal to 1, you must know which units are equivalent. The table below provides some
unit equivalencies.
Notice the structure of the table:
•
•
•

Units of the U.S. system are in the left column. Units of the Metric system are in the right column. The middle
column shows some equivalencies between U.S. and metric units.
Different types of measurements are in different rows: Length, Area, Capacity or Volume, Weight or Mass.
When you want to find what a particular unit is equivalent to, you need to locate the unit in the correct row and
column of the table.
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Metric Prefixes
Unit Equivalencies
USCS – Metric

USCS (US Customary System)

Metric or SI

Length
12 inches (in) = 1 foot (ft)
3 feet (ft) = 1 yard (yd)
1760 yards (yd) = 1 mile (mi)
5280 feet (ft) = 1 mile (mi)
2

1 square mile (mi )= 640 acre (ac)
1 acre (ac) = 43,560 square feet
(ft2)

1 inch (in) = 2.54 centimeters cm)
0.62 miles (mi) = 1 kilometer (km)

Area
2.471 acre (ac) = 1 hectare (ha)
1 square mile (mi2) = 2.59 square
kilometers (km2)

1000 millimeters (mm) = 1 meter (m)
1000 meters (m) = 1 kilometer (km)
100 centimeters (cm) = 1 meter (m)

1 square kilometer (km2) = 100
hectare (ha)
1 hectare (ha) = 10,000 square
meters (m2)

Volume
8 ounces (oz) = 1 cup (c)
2 cups (c) = 1 pint (pt)
2 pints (pt) = 1 quart (qt)
4 quarts (qt) = 1 gallon (gal)
1 cubic foot (ft3)=7.481 gallons (gal)

1 quart (qt) = 0.946 liters (L)

1000 milliliters (ml) = 1 liter (L)
1000 liters (L) = 1 cubic meter (m3)

Weight or Mass
16 ounces (oz) = 1 pounds (lb)
2000 pounds (lb) = 1 ton

2.20 pounds (lb) = 1 kilogram (kg)
1 pound (lb) = 453.6 grams (g)

1000 milligrams (mg) = 1 gram (g)
1000 grams (g) = 1 kilogram (kg)
1000 kilograms = 1 metric ton

In the conversion table above, you’ll notice that many of the units include prefixes like “milli” and “kilo”. While in
English we use “millions”, “billions”, and “trillions” to represent large numbers, the metric system uses prefixes to
indicate the size of a measurement. Like place values, these are based on powers of 10.
Prefix

Symbol

Factor

Prefix

Symbol

Factor

Tera

t

1,000,000,000,000

Deci

d

0.1

Giga

g

1,000,000,000

Centi

c

0.01

Mega

m

1,000,000

Milli

m

0.001

Kilo

k

1,000

Micro

μ

0.000 001

Hecto

h

100

Nano

n

0.000 000 001

Deca

da

10

Pico

p

0.000 000 000 001

For example, a meter is the standard measurement of length in metric, so 1000 meters would be 1 kilometer. Likewise,
0.01 meters would be 1 centimeter (or, equivalently, 100 centimeters is 1 meter).
The most commonly used prefixes, and the ones you should try to remember, are kilo, centi, and milli.
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Note about rates
A ratio (that is, a fraction) that includes a unit in the numerator that is different from the unit in its denominator is
typically called a “rate”. Rates show how one variable changes for each change in the second variable. For example, a
rate of speed is

() *+
,-

which can be read as 35 miles per hour.

The word “per” is the fraction line, the division bar. “Miles per hour” means miles divided by 1 hour. Some common
rates are abbreviated:
“miles per hour” is often written as “mph”, and “miles per gallon” is often written as “mpg”.
When doing calculations with a rate, it should be written as a fraction.

Rates can be converted from one set of units to another. This typically requires the use of several conversion fractions
multiplied in sequence.

Example 3: Converting a rate. Flow rate can be measured in cubic meters per hour. If a river flows at 200 cubic meters
per hour, what is the flow rate in gallons per second?

Problem Situation 1: Using Dimensional Analysis
(1) In the US we measure height in feet and inches. In other parts of the world height is measured in meters. Use
dimensional analysis to convert the height of a person who is 5 feet, 10 inches (70 inches) into meters.

(2) In the US we measure weight in pounds. In other parts of the world weight is measured in kilograms. Use
dimensional analysis to convert the weight of a person who is 180 pounds into kilograms.
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Texting while driving: Washington state law*: “a person operating a moving noncommercial motor vehicle who, by
means of an electronic wireless communications device, sends, reads, or writes a text message, is guilty of a traffic
infraction.”1
Is texting while driving actually a problem? A person might spend only 4 seconds to answer a text. How far would the
car go in that time? It depends on the car’s speed.
(3) Suppose a car is traveling at 35 miles per hour.
(a) Before calculating it, how many feet do you think the car will travel in 4 seconds?

(b) Use dimensional analysis to calculate the distance in feet.

(4) If a car is traveling at 45 miles per hour, how many feet will it travel in 4 seconds?

(5) If you are driving in Canada, following the posted speed limit of 80 km/hr, how many feet would you go during the 4
seconds spent texting?

(6) (a) Suppose the typical texting response time is between 2 seconds and 6 seconds. That could be written as a
compound inequality for time t as: 2 < t < 6 seconds. If a car is travelling at 35 mph what is the typical distance
in feet the car would travel during a typical texting response?

(b) Express the answer for the distance d as a compound inequality, using the < symbol.

1

there are exceptions related to emergencies, emergency vehicles, and totally voice-operated systems. From
http://apps.leg.wa.gov/rcw/default.aspx?cite=46.61.668 on 07/17/15
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Using Dimensional Analysis for Area and Volume units
See the “Resource: Length, Area, and Volume” page of this text to review the concepts and units of length, area, and
volume.
There are two methods of converting area and volume units:
• Use conversion factor of square units (or cubic units for volume).
• Use conversion factor of linear units, and square the conversion factor (or cube it for volume).
Example 4: Area units conversion: Convert 4 square feet to square inches.

Method: Use conversion factor of square units
• First write the question using symbols for the units: Convert 4 ft2 to in2.
• As with other unit conversions, we want to multiply 4 ft2 by a conversion fraction with ft2 in the denominator
and in2 in the numerator. So we need to know how many ft2 equal how many in2. You may not know this
fact, which is fine because we can find it out from knowing the linear measurement equivalency that 1 ft = 12
in. We will use that to find the area unit equivalency by squaring each side of the equation:
1 ft = 12 in
(1 ft) 2 = (12 in) 2
1 ft)(1 ft) = (12 in)(12 in)
1•1•ft•ft = 12•12•in•in
1 ft2 = 144 in2
These diagrams giving the geometric view of the algebra. Each of these is one square foot. Find the area by taking
length times width.
1 ft

•

12 in

1 ft

12 in

Area = (1 ft)(1 ft)

Area = (12 in)(12 in)

= 1•1•ft•ft

= 12•12•in•in

= 1 ft2

= 144 in2

Now we know the area unit equivalency that 1 ft2 = 144 in2. We use that to create the conversion fraction and
complete the unit conversion.
4 𝑓𝑡 1

•

Conclude:

233 +45
2 #$ 5

= (4•144) 𝑖𝑛1

= 576 𝑖𝑛1

4 𝑓𝑡 1 = 576 𝑖𝑛1
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Example 4 again with the other method:
Method: Use conversion factor of linear units, and square that conversion factor
• First write the question using symbols for the units: Convert 4 ft2 to in2.
• We want to multiply 4 ft2 by a conversion fraction with ft2 in the denominator and in2 in the numerator. If we
could find a conversion factor for feet in the denominator and inches in the numerator, then we could square
that entire fraction so we’d end up with square units. The linear measurement equivalency that 1 ft = 12 in.
So we’ll use square the fraction (12 in/1ft).
12 𝑖𝑛 2

•

4 𝑓𝑡 1 8 1 𝑓𝑡 :

•

Conclude:

= (4•122) 𝑖𝑛1

= 576 𝑖𝑛1

4 𝑓𝑡 1 = 576 𝑖𝑛1

Example 5: Volume units conversion: Convert 3,000,000 cubic centimeter to cubic meters.
Method: Use conversion factor of cubic units

Example 5 again with the other method.
Method: Use conversion factor of linear units, and cube that conversion factor
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Example 6: Convert 100 km2 to square miles using linear equivalencies

Here is a link to a video showing more examples of converting area and cubic units:
https://www.youtube.com/watch?v=aFAk8JA4-d8

Problem Situation 2: Length, Area, Volume (Optional)
We can think of our physical world as having 3 dimensions. A length or distance is one dimension. An area is 2
dimensions and a volume is 3 dimensions. Examples of the type of units used for each of these are shown in the table of
unit equivalencies.
In this problem, you will determine various dimensions of your classroom.
(7) Before measurements and calculations are done, make a guess for each of the following in the units provided.
Length of room ___________ feet

____________ meters

___________ ft2

____________ m2

Volume of room ___________ ft3

____________ m3

Area of floor

(8) Measure and record the following information about the classroom.
a) Length of this room in meters: ________________
b) Width of this room in meters: ________________
c) Height of this room in feet: ________________
d) Calculate the area of the floor of this room in square meters: ________________

(9) Length: Use dimensional analysis and the information above to determine these lengths, showing work.
a) Length of this room in feet:

b) Height of this room in meters:
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(10) Area: Above you calculated the area of the floor of the room in square meters.
Convert that area to square feet using dimensional analysis.

(11) Volume: Find the volume of this room in cubic feet.

(12) Volume: Use dimensional analysis to convert into cubic meters the volume that you just calculated in cubic feet.

(13) Rate: A human breathes about 10 liters of air each minute while being fairly still.2 How many cubic feet of air does
a person breathe each hour?

2

http://www.arb.ca.gov/research/resnotes/notes/94-11.htm
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2-3 What’s the Difference?
Objectives
Students will understand that
•
•

a relative change is different from an actual difference.
a relative measure is always a comparison of two numbers.

Students will be able to
•
•

calculate a relative change.
explain the difference between relative change and actual difference.

Problem Situation 1: “Things are changin’”
When comparing two values one option is to use the actual difference. We are specifically looking at values that change.
When finding the difference between values that change we can find the difference by subtracting the new value minus
the original value: actual difference = new value – original value.
(1) In 1990 Santa Ana’s population was 295,142. In 2014 Santa Ana’s population was 334,909. Find the actual difference
in the population between 2014 and 1990.

(2) In 1990 Garden Grove’s population was 144,072, and grew to 175,078 in 2014. Find the actual difference in the
population between 2014 and 1990.

The differences above do not paint the whole picture. While Santa Ana added more people to their population, their
population was larger to start off. This illustrates that it is important to compare the difference to the original size of
each population above. A relative difference measures a difference between two values as a proportion of the original
value. When values are changing, we sometimes call this a relative change, instead.
𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆 − 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 =
𝒐𝒓𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
A relative difference can be written as a decimal or a percent relative difference.
𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆 − 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
𝒑𝒆𝒓𝒄𝒆𝒏𝒕 𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 = 4
5 × 𝟏𝟎𝟎%
𝒐𝒓𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
(3) Find the relative difference and percent relative difference for the population change between 1990 and 2014 in
Santa Ana.
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(4) Find the relative difference and percent relative difference for the population change between 1990 and 2014 in
Garden Grove.

(5) Compare the population changes in Santa Ana and Garden Grove found in (4) and (5).

Problem Situation 2: How the Census Affects the House of Representatives
Every 10 years, the United States conducts a census. The census tells how many people live in each state. You
can also find how much population has changed over time from the census data. The original purpose of the
census was to decide on the number of representatives each state would have in the House of Representatives.
Census data continue to be used for this purpose, but now have many other uses. For example, governments
may use the data to plan for public services such as fire stations and schools. You will be given a list of states in
a census region and their populations in 2000 and 2010. You will be asked to calculate the population growth in
people as a percentage for each state in the region and for the region as a whole. You will examine how this
affects the number of representatives each state has in the House of Representatives. You will start by looking
at changes in representation based on the 2010 census.
When a quantity, such as population, changes, we can calculate the actual change and also the relative change.
Note that the “quantity” values are always positive (at least in almost all contexts). But the actual change can
turn out to be a negative number or a positive number.
-

If a quantity increases (has gotten larger), then the actual change is positive.
Why? When the new value is larger, then the new value minus the original value is positive, and thus the
actual change is positive.

-

If a quantity decreases (has gotten smaller), then the actual change is negative.
Why? When the new value is smaller, then the new value minus the original value is negative, and thus
the actual change is negative.

The relative change’s sign (negative or positive) is the same as the sign of the actual change. This is true since
the relative change is found by dividing the actual change by the original value, and the original value is positive.
Another way to talk about negative change (either actual or relative):
A negative change can be said to be a decrease by the positive number.
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Example A:
In 2013 Jerry received 12 speeding tickets. Since then, his driving has improved and in 2014 he only had
one ticket.
• What is the actual change in tickets?
New value – original value = 1 – 12 = −11.
The actual change in his number of tickets from 2013 to 2014 is −11.
Another way to say this is:
The actual change in his number of tickets from 2013 to 2014 is a decrease of 11.
Jerry got 11 fewer tickets in 2014 compared to his 12 tickets in 2013.
• What is the relative change?

-11
» -0.92 = −92%. In other words:
12

The number of tickets he received in 2014 decreased by about 92% from 2013.
Example B:
Suppose that when Sasha started college her school had 8,210 students. By the time she graduated there
were 9,440 students.
• What was the actual change in students?
New value – original value = 9,440 – 8,210 = 1,230
The college’s enrollment increased by 1,230 students during the years Sasha attended the school.
• What was the relative change in students?
Relative change = actual change / original value = 1230 / 8210 = .1498 » 15%
The number of students increased by about 15% over the years Sasha was enrolled.
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Use the following data in the tables for Questions 1–6. Your instructor will tell you which table to work with.
Write your relative change to the nearest tenth of a percent.
South Atlantic States
2000 Population

2010 Population

783,600

900,877

Florida

15,982,378

18,801,310

Georgia

8,186,453

9,687,653

Maryland

5,296,486

5,773,552

North Carolina

8,049,313

9,535,483

South Carolina

4,012,012

4,625,364

Virginia

7,078,515

8,001,024

572,059

601,723

1,808,344

1,852,994

Delaware

Washington, D.C.
West Virginia

Actual Change

Relative
Change (%)

South Atlantic Region

Mountain States
2000 Population

2010 Population

Arizona

5,130,632

6,392,017

Colorado

4,301,261

5,029,196

Idaho

1,293,953

1,567,582

902,195

989,415

Nevada

1,998,257

2,700,551

New Mexico

1,819,046

2,059,179

Utah

2,233,169

2,763,885

493,782

563,626

Montana

Wyoming
Mountain Region
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Actual Change

Relative Change
(%)

(1) For your group of states, calculate the actual change in the population of each state.

(2) For your group of states, calculate the relative change in the population of each state. Express your answer
as a percentage.

(3) List in order the three states that had the largest actual changes in population.

(4) List in order the three states that had the largest relative increase in population.

(5) Explain why the lists in Question 3 and Questions 4 are not the same.

(6) For the region you are given, calculate the actual change in total population from 2000 to 2010. Calculate
the relative change in total population between 2000 and 2010.

While most states that lost representatives did so because their population became smaller relative to other
states, Michigan’s population actually fell between 2000 and 2010.
(7) Michigan’s population changed to 9,883,640 from 9,938,444. What was the actual decrease in Michigan’s
population? What was the percent relative change in Michigan’s population? Round your answer to the
nearest hundredth of a percent.
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(8) The number of Representatives each state has in the House of Representatives is based on the size of the
population in the state. Since the number of representatives is fixed at 435, when the census was done in
2010 some states gained representatives and others lost representatives. You can see which states gained
and lost representatives in a map from the Census Bureau that your instructor can display.
It's a common misconception that a state that lost representatives must have lost population. As you can
see, New York lost two representatives, even though the population increased.
Look back at your calculations for Nevada and Florida.
a) Which of the two had a larger actual change?

b) Which of the two had a larger relative change?

c) Based on the 2010 census, Florida gained two representatives, while Nevada gained one. Does it appear
that actual or relative change matters more when determining the number of representatives gained or
lost?

(9) In 2011, the U.S. Congress had a major debate over cutting the federal budget mid-year. The goal was to
reduce the national debt, which was $14 trillion.
(a) One group wanted to reduce the budget by $100 billion. How large is this change relative to the national
debt?

(b) Another group wanted to reduce the budget by $40 billion. How large is this change relative to the
national debt?
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(c) If a politician wanted to argue for the larger cut, would he or she use the actual or the relative change
to justify his or her position? Why?

(d) If a politician wanted to argue for the smaller cut, would he or she use the actual or the relative change
to justify his or her positions? Why?

Estimation also uses a form of relative difference to quantify error. Actual Error can be defined as the difference
between an estimated value and the actual value:
Actual Error = Estimated Value – Actual Value
(10)

City Planning estimated that Santa Ana’s Population would be 337,564, but the population was 334, 217. What
was the actual error in this estimation?

A relative error measures the error between the estimated and actual values as a proportion of the actual value.
𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆𝒅 𝒗𝒂𝒍𝒖𝒆 − 𝒂𝒄𝒕𝒖𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒆𝒓𝒓𝒐𝒓 =
𝒂𝒄𝒕𝒖𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
A relative error can be written as a decimal between 0 and 1 or a percent relative error as a value between 0 and 100%.
𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆𝒅 𝒗𝒂𝒍𝒖𝒆 − 𝒂𝒄𝒕𝒖𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
𝒑𝒆𝒓𝒄𝒆𝒏𝒕 𝒆𝒓𝒓𝒐𝒓 = 4
5 𝟏𝟎𝟎%
𝒂𝒄𝒕𝒖𝒂𝒍 𝒗𝒂𝒍𝒖𝒆

(11)

Find the relative error and percent error of the City Planning estimated population of 337,564, (recall the
actual population was 334,217 in 2016).
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(12)

Find the relative error if you estimated that you would spend $250 on groceries a month, but spent $278 when
you went shopping.

(13)

Find the relative error if you took a sample of students and found the average weight was 187lbs, but the
actual mean weight of all the students on campus was 182lbs.

Summary
Measuring Change/Comparing Values
𝑨𝒄𝒕𝒖𝒂𝒍 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 = 𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆 − 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆

𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 =

𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆 − 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
𝒐𝒓𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆

Making Estimates
𝑨𝒄𝒕𝒖𝒂𝒍 𝑬𝒓𝒓𝒐𝒓 = 𝑬𝒔𝒕𝒊𝒎𝒂𝒕𝒆 − 𝑨𝒄𝒕𝒖𝒂𝒍 𝑽𝒂𝒍𝒖𝒆

𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝑬𝒓𝒓𝒐𝒓 =

𝑬𝒔𝒕𝒊𝒎𝒂𝒕𝒆𝒅 − 𝑨𝒄𝒕𝒖𝒂𝒍 𝑽𝒂𝒍𝒖𝒆
𝑨𝒄𝒕𝒖𝒂𝒍 𝑽𝒂𝒍𝒖𝒆
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2-4 A Taxing Set of Problems
Objectives
Students will understand
• terminology such as gross income, adjusted income, taxable income.
• the distinction between variables and constants.
• the distinction between expressions, equations, and inequalities.
• equations represent relationships between unknown quantities.
In the United States, people pay income tax on any income they earn during the year. The total amount of money they
earn through work, investments, and other means is called total income. From this, people are able to deduct certain
things, like retirement contributions and tuition payments, reducing their income to what is called their adjusted gross
income. From this, certain expenses can be deducted resulting in the taxable income that tax is actually calculated on.
Taxes can be, as you've probably heard, fairly complicated, but for this lesson we are going to focus on a simple case.
•
•

A married couple with no kids, filing jointly. No one can claim either as a dependent.
Together, they earned $93,000 of wage income, and had no interest or other income

1. Because their situation is pretty simple, this couple can fill out a 1040EZ tax form. As the name implies, this is the
easy form for simple cases. Fill out the income portion of the form to find the couple's taxable income
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2. Usually tax owed is looked up from a tax table.
a. You would use the first line of the table if the taxable income from line 6 is at
least 72,000 but less than 72,050. Write this as a compound inequality, using
t to represent the income from line 6.

b. Use the table provided to determine the tax the couple owes.

Alternatively, the couple could calculate the tax based on tax rate information. A portion of the rate table from 2014 is
shown.
If Taxable Income Is:

The Tax Is:

Not over $18,150

10% of the taxable income

Over $18,150 but not over $73,800

$1,815 plus 15% of the excess over $18,150

Over $73,800 but not over $148,850

$10,162.50 plus 25% of the excess over $73,800

Over $148,850 but not over $226,850

$28,925 plus 28% of the excess over $148,850

The rates you see on the right (10%, 15%, 25%, 28%) are called marginal tax rates, but most people just call them tax
brackets.
3. Use the tax rates above to calculate the couple's tax. Does it match the tax table?

4. A commonly held belief is that marginal tax rate applies to all of a person's taxable income.
a. Does the couple owe 15% of their taxable income?

b. If not, what percent of their taxable income are they paying? This is called the effective or average tax rate.
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Sometimes people have been hesitant to accept raises, worried that it will push them into a new tax bracket and they'll
end up losing money.
5. Suppose the couple got an unexpected $1,500 bonus at the end of the year, pushing them into the 25% marginal
rate tax bracket.
a. How much tax will they pay?

b. After paying taxes, will the couple end up with less take-home pay because the bonus pushed them into a
higher tax bracket?

While we can easily calculate an individual’s taxes using the tax form, it is very tedious to have to fill out the form over
and over again if you have many people that all fit the same conditions. This is a situation where an equation with
variables would be helpful.
You’ve seen equations and formulas before. For example, the area equation for a circle, 𝐴 = 𝜋𝑟 % , is a an equation that
relates two variables, r and A. Variables are letters used to represent unknown or changeable quantities. A formula or
equation relates two or more variables, usually showing how one variable can be calculated from the other variables.
Often one of the variables is considered an output or dependent variable because its value depends on the other
variable(s). One or more variables, might be considered input or independent variables because they cause the output
variable to change.
Example 1
The height of a certain plant can be modeled by the formula ℎ = 2𝑡 + 1 where h is the height in millimeters and t is the
time in days. We say h is the output or dependent variable, since it depends on the value of t. While t (time) is the input
or independent variable since it causes the height to change more than the height causes the time to change.
Example 2
The area of a circle is given by the formula 𝐴 = 𝜋𝑟 % where A is the area and r is the radius. Usually A is considered the
output variable since the area depends on the radius and r is the independent variable since it causes the area to change
more than the area causes the radius to change.
Exercise
1. The weight of a newborn animal is given by the formula 𝑊 = 7𝑑 + 2 where W is the weight in grams and d is
the number of days since hatching. Which variable causes the other variable to change? Which is the
dependent (output) variable and which is the independent (input) variable?

An expression consists of numbers and variables. It does not contain an equals sign, whereas an equation always does
include an equal sign. An inequality is like an equation, but involves an inequality sign.
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Examples:
3𝑥 + 2𝑦 + 4

2𝑥 % + 5

expressions

𝑦 = 2𝑥 % + 5

3𝑥 − 2𝑦 = 4

equations

𝑦 < 2𝑡 + 3

𝑎 + 2𝑏 ≥ 4

inequalities

In math, the steps we take depend on whether we have an expression, an equation, or an inequality. With expressions,
we often simplify, by combining like terms and distributing. Sometimes we might evaluate an expression by replacing
the variables with values and calculating the value.
•
•

Combining like terms: Terms can be added only if they contain the same power of the same variables. For
example, 3𝑥 and 5𝑥 are like terms, but 2 and 𝑥 % are not.
Distributing: 𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐

6. Simplify these expressions:
a. 3x + 4 – 5x + 6

b. 3(x – 2)

c. 5(2x – 3) – 4(3x + 2)

7. Evaluate these expressions using the given values for the variables:
a. Evaluate 3x if x = 6

b. Evaluate 4x – 2 if x = -5

c. Evaluate 3x2 – 5x + 3 if x = -2

d. Evaluate LW if L = 5 and W = 4

e. Evaluate πr2 if r = 6

While tax tables and the tax rates work well for calculating tax for a single individual, a business might want to create a
spreadsheet that automatically calculates the tax for an individual based on their taxable income. To do this, they need
to write a formula. Let T be amount of tax owed, x be their taxable income, and w be their wage income.
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8. Assume that we're only interested in couples with taxable incomes between $18,150 and $73,800.
a. Write an equation that will take taxable income, x, and compute the tax, T, they owe.

b. Simplify the formula using distribution and combining like terms, as needed.

9. Assume also that we're only interested in couples who fill out a 1040EZ and only have wage income.
a. Write an equation that will take their wage income, w, and compute the tax, T, they owe.

b. Simplify the formula using distribution and combining like terms, as needed.
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2-5 Solving Linear Equations and Inequalities
Objectives
Students will understand that
• an inequality represents a range of values.
• a compound inequality represents a range of numbers between two end values.
• solutions to inequalities are a range of numbers.
• solving inequalities is very similar to solving equations (with one important difference.)
Students will be able to
• solve linear equations in one variable.
• construct inequalities to represent real-world relationships.
• solve simple and compound inequalities.
• represent solutions using interval and number-line notations.

In the last lesson, you worked with expressions, which consist of numbers and variables, but do not contain an equal
sign. In this lesson we will focus on equations, which always include an equal sign, and inequalities, which are like an
equation but involves an inequality sign.
Usually with equations what we need to do is solve the equation. When the equation involves one variable, we solve
for the value of that variable that makes the equation true. When the equation involves more than one variable, we
solve for one variable in terms of the others, so we can easily calculate the value of that variable when we know values
for the others.
Equations can be solved by using the properties of equality, which states that whatever you do to one side of an
equation, you must do to the other side to maintain the equality.
Additive Property of equality (works for subtraction too)

If A = B, then A + C = B + C
If A = B, then A – C = B – C

Multiplicative Property of equality (works for division too)

If A = B, then AC = BC
If A = B, then A/C = B/C

Example: Solve 3𝑥 + 4 = 19
Subtract 4 from both sides:

3𝑥 + 4 − 4 = 19 − 4
3𝑥 = 15

Divide both sides by 3:

*+
*

=

,*

𝑥=5

Sometimes we need to simplify before solving.
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(C ≠ 0)

1. Solve these equations:
a. 3𝑥 + 4 = −8

b. −2𝑥 + 6 = 5𝑥 + 15

c. 4𝑥 + 5 − 5𝑥 + 6 = 5 − 3(𝑥 − 4)

In the last lesson, you came up with a formula for the tax a couple owed based on their wage income. A similar formula
for a single person with taxable income more than $9,075 but not over $36,900 is
𝑇 = 0.15𝑤 − 1976.25, where T is the tax owed, and w is the wage income.
This formula is an example of a linear equation, and equation where every term is a constant or a single variable not
raised to a power. This particular linear equation involves two variables. In this equation w would be considered the
input or independent variable since it is the value typically provided to the equation, and T is the output or dependent
variable since its value depends on the input, and its value is the output of the expression on the right side of the
equation.
2. Using the formula provided, find the tax owed by someone with wage income of $30,000.

3. Using the formula provided, find the wage income of someone who owes $3,423.75 in taxes.

A difficulty with our equation is that the input is wage income, but the formula gives a range of taxable incomes it works
for. This is confusing. To rectify this, we need to talk about inequalities. Inequalities can be used for comparisons, and
to represent sets of values.
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Inequalities Representing Comparisons
•
•

•

The inequality 2 < 7 is a comparison, stating the 2 is smaller than 7. Likewise, 4 > -8 means 4 is greater than -8.
If the variable S represented the numbers of hours you spent studying last week, and G represented the number
of hours you spent playing video games last week, then the inequality
S ≥ G would say that the number of hours you spent studying was equal to or greater than the number of hours
you spent playing video games.
In common language, this would probably get stated equivalently as "you spent the same or more hours
studying compared to hours playing video games" or "you spent at least as many hours studying as you did
playing video games".

Inequalities Representing Sets of Values
Inequalities can also be used to represent a set of values
•

For example, suppose an employer pays benefits for anyone who works 20 or more hours a week. If we let h
represent the number of hours a week someone works, then we could represent the people who earn benefits
using the inequality h ≥ 20. Graphically this could be illustrated as an interval on a number line:

•

To represent a set of values between two bounds, a compound inequality is used. For example, the statement
"this tax credit is available for people making from $25,000 up to $45,000" could be represented by the
compound inequality 25,000 ≤ x ≤ 45,000, where x represents income. Graphically this is illustrated as an
interval on the number line that includes both endpoints:

•

When writing compound inequalities, it is most common to write them with less-than or less-than-or-equal
symbols. It is essential that the value on the left also be less than the value on the right. For example, 2 < x < 7
is a valid compound inequality, but 5 < x < 2 is not, because 5 is not less than 2, so it is impossible for x to be
both larger than 5 and less than 2.

Interval notation is another way to represent an inequality representing a set or range of values.
•
•

For example, 2 < x < 7 in interval notation is written as (2 , 7).
The parentheses indicate that the 2 and 7 are not included in the interval.
If the endpoints were included, then square brackets would be used rather than parentheses. So:
interval notation is written as [2 , 7].

Examples of sets of values, represented in words, inequalities, interval notation, and graphs:
All of the numbers between 0 and 3
Inequality: 0 < x < 3
-5

-4

-3

-2 -1

Interval: (0, 3)
0

1

2

3

4

5

All of the numbers between 0 and 3 and including 0 and 3
Inequality: 0 < x < 3
-5

-4

-3

-2 -1

Interval: [0, 3]
0

1

2

3

4

5
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2 < x < 7 in

All of the numbers greater than 1. Notice that the interval notation uses the infinity symbol, ∞.
Inequality: x > 1
Interval: (1, ∞)
-5

-4

-3

-2 -1

0

1

2

3

4

5

All of the real numbers.
Interval: (-∞, ∞)
-5

-4

-3

-2 -1

0

1

2

3

4

5

Your report must be more than 3 pages long but must be a max of 10 pages.
Inequality: 3 < n < 10
0

1

2

3

4

Interval: (3, 10]
5

6

7

8

9

10

A grade of “C” in the course is earned when a student has a grade average, g, from .75 (75%) up to but not
including .85 (85%)
Inequality: 0.75 < g < 0.85
0.5

0.6

0.7

Interval: [.75, .85)
0.8

0.9

1.0

Note: When the infinity sign ∞ is used in interval notation, a parenthesis is always placed next to it, not a square
bracket, because there is no ending value

Comparison of Expressions, Equations, and Inequalities
Look at the table below for some examples of how expressions, equations, and inequalities compare.
Symbol

Meaning

Comments

𝑥

𝑥 represents some number.

This is a variable.
We don’t know what that number is.

𝑥=8

𝑥 equals 8

This is an equation.
We are certain that x is equal to 8

𝑥<8

𝑥 represents all those numbers
less than 8.

𝑥 can be any number less than 8.
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𝑥+5

Represents the idea that I am
adding 5 to whatever 𝑥 is.

This is called an expression

𝑥+5=8

𝑥 is some number that when I add
5 to it, I get 8.

This is called an equation.
If I add 5 to the number 3, I get 8 so if
I solve the equation,
𝑥=3

𝑥 is some number that when I add
5 to it, I get something less than 8.

𝑥+5<8

Any number less than 3 can be added
to 5, the sum will still be less than 8,
so if I solve the inequality,
𝑥<3

Part 1: Solving Equations and Inequalities
Here are some examples of solving equations and inequalities.
EQUATION

INEQUALITY

𝑥+5=8

𝑥+5<8

𝑥+5−5=8−5

𝑥+5−5<8−5

𝑥=3

𝑥<3

-5

5

0

-5

5

0

In interval notation: (-∞, 3)
Check: 3 + 5 = 8

TRUE

Check: For example, pick 1 for x
then 1 + 5 < 8 TRUE
Or pick – 4 for x; – 4 + 5 < 8
Pick 2.9 for x; 2.9 + 5 < 8
Pick 2.99 for x; 2.99 + 5 < 8
Pick 4 for x; 4 + 5 < 8 NOT TRUE

4. Solve each of these equations and inequalities. Represent your solution on the number line and in interval notation.
a. 𝑥 + 5 > 8

-5

b. 2𝑥 + 5 = 8

0

5

-5

0

5

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
84

c. 2𝑥 + 5 ≤ 8

-5

0

5

How Solving Inequalities is Different than Solving Equation
5. In this problem we will explore how solving inequalities is different than solving equations.
a. Are the following statements true?
i. 1 < 2

ii. -1 < 2

b. Let us multiply both sides of each inequality by 3.
1<2

–1<2

3(1) < 3(2)

3(– 1) < 3(2)

3<6

–3< 6

Are the above statements still true?

c. Now let us multiply both sides of each inequality by – 3.
1<2
– 3(1) < – 3(2)
–3<–6

–1<2
– 3(– 1) < – 3(2)
3<–6

Are the above statements still true? If not, how could we make the statements true?

What does this suggest about multiplying an inequality by a negative number?

d. Is the following inequality true?
Divide both sides by –2

4<8
<
=>

?

< =>

–2<–4
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Is the inequality still true? If not, how could we make this statement true?

What does this suggest about dividing an inequality by a negative number?

When we solve inequalities, you use the same rules as for equations, except:
• When you multiply or divide each side of the inequality by a negative number, you must change the direction of
the inequality symbol.
6. Now solve these equation and inequalities. For the inequalities, give the solutions in interval and number line
notations.
−2𝑥 + 5 = 8

-5

−2𝑥 + 5 < 8

0

5

-5

0

5

Part 2: Compound Inequalities
Notice that the graphs of our solutions show there are actually many solutions to an inequality, all the values
either to the left or right of some value. However, we are also often interested in values that are between two
values or not in between two values. In order to understand these, we need to understand the words AND and
OR.
AND

OR

Must satisfy BOTH conditions

Must satisfy ONE or BOTH conditions
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1) I am thinking of a number that is larger than 5 AND smaller than 9. Which of the following are possible numbers that I
thinking of? Circle the numbers.
3

4

5

6

7

8

9

10

11

12

How would you describe where the circled numbers are in relation to the numbers 5 and 9?

When writing a compound inequality, we often write the variable is in between the two values.

𝟓<𝒙<𝟗

2) I am thinking of a number that can be smaller than 7 OR larger than 11. Which of the following are possible numbers
that I am thinking of? Circle the numbers.
4

5

6

7

8

9

10

11

12

13

How would you describe where the circled numbers are in relation to the numbers 7 and 11?

When writing the compound inequality, we will use the word “OR” in our statement.
𝒙 < 𝟕 𝒐𝒓 𝒙 > 𝟏𝟏
“AND” phrases are often be represented by a
value between two values since we must be
between BOTH values.

“OR” phrases are often represented by
inequalities on the outside of two values, since
we can be on either one side OR the other.

Part 3: Solving Inequalities
“AND” Example: 3 < 2𝑥 + 5 < 11

“OR” Example: −3𝑥 > 5 𝑂𝑅 − 3𝑥 < −5
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Part 4: Solving Problems in Context
Suppose that the cost to hire someone to fill the 20 square foot area with concrete is about $300.
3) Now we consider the cost of the DIY-option! You can purchase a wheelbarrow to mix the concrete for $45 and the
cost for each bag is $3.20 at Home Depot. Let 𝑥 represent the number of bags you need to fill the 20 square feet with
concrete.
a) Write an expression that represents the total amount you will spend pouring the concrete yourself.

b) Using your expression from part a, write an inequality that would represent when you would choose to do-it-yourself
instead of hiring a professional. Solve your inequality.

c) Each bag of concrete fills 0.66 square feet. How many bags of concrete do you need to buy?

d) Based ONLY on your answers from parts (b) and (c), would you choose the DIY-option or hire a professional? Explain.

e) What if each bag only filled 0.25 square feet, would you choose the DIY-option or hire a professional? Explain and
show your work.
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4. Mr. McPherson wrote a history test with 100 total possible points. For each question that a student misses, he will
deduct 5 points from the score.
a) Let m represent the number of questions that a student misses on the test. Write an expression that would represent
the total number of points that the student would receive on the test.

b) After the test, the teacher decides to curve the results and says that In order to pass the test, you need at least 55
points on the test. Using your expression from part (a), write an inequality that represents the number of questions a
student can miss and still pass the test. Solve your inequality.

c) In order to earn a B on the test, Mr. McPherson decided that a student needs a minimum score of 70 and earns at
most 85 points. Write a compound inequality, and then solve the inequality to find the number questions a student can
miss and earn a B on the test.

d) A student misses 6 questions on the test. Did the student pass? Did the student earn a B on the test? Explain your
answer by interpreting your solutions from parts (b) and (c).

e) Mr. McPherson will call a student’s parents if they did not pass OR if they earned an A (which is anything higher than a
B). Write a compound inequality that represents when a student’s parents will be called, and solve that inequality.
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2-6 Equations as Formulas
Objectives
•
•

Formulas are relations between variables
Solving all equations follows the basic rules of undoing and keeping the equation balanced.

Students will be able to

•
•

Evaluate the dependent variable given values for the independent variables.
Solve for a variable in a linear equation in terms of another variable.

Problem Situation 1: The Blood Alcohol Content Formula
Recall that Widmark’s formula for BAC is 𝐵 = −0.015𝑡 +

*.+,./

, where

B = percentage of BAC
N = number of standard drinks
W = weight in pounds
g = gender constant (0.68 for men, 0.55 for women)
t = number of hours since first drink

For an average male who weighs 190 lbs, the formula can be simplified to
𝐵 = − 0.015𝑡 + 0.022𝑁

Forensic scientists often use this equation at the time of an accident to determine how many drinks someone had. In
these cases, time (t) and BAC (B) are known from the police report. The crime lab uses this equation to estimate the
number of drinks (N).

(1) For a 190 pound man, find the number of drinks if the BAC is 0.09 and the time is 2 hours.

The crime lab needs to use the formula frequently to find the number of drinks N for various 190 pound males who have
different values of BAC and hours since drinking. They could each time go through the sequence of steps as in question
90

1. However, it would be more efficient to solve the formula for the variable N. That means: keeping the relationship
among the variables the same and the equation balanced, rewrite the formula so that the variable N is alone on one
side, while the other side of the equation has variables B and t, and numbers and operations.

(2) Solve the formula 𝐵 = −0.015𝑡 + 0.022𝑁 for N.

(3) Use the formula for N that you found in part (2) to find the value of N when B = 0.09 and t = 2 to verify that the value
you get for N is the same as the value found in part (1).

(4) Use the formula for N that you found in part (2) to find the number of drinks when the 190 pound man has a BAC of
0.11 and the time was 3 hours.

Problem Situation 2: Statistics z-score formula
A formula widely used in statistics is 𝑧 =

456
7

, where

z = z-score
x is a specific data value
μ = mean value

(μ is pronounced “mu”. It is Greek lower case mu.)

σ = population standard deviation (σ is pronounced “sigma”. It is Greek lower case sigma.)

It is not necessary that you understand what these terms mean. Rather we will use the formula both to evaluate values
and to solve for values.

(5) Find the value for z if x = 2.3, μ = 1.9, σ = 0.2.
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(6) Solve for the value of x if z = 1.5, μ = 1.9, σ = 0.2.

(7) Use the z-score formula to solve for the variable x in terms z, μ, and σ.

Factoring
Recall from simplifying expressions the distribution property:
𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐
Sometimes when solving equations or formulas it can be necessary to use this property in reverse. When we do this, we
call it factoring the greatest common factor (GCF):
𝑎𝑏 + 𝑎𝑐 = 𝑎(𝑏 + 𝑐)
Examples:
𝑥 + 0.15𝑥 = (1 + 0.15)𝑥 = 1.15𝑥
5𝑥 + 𝑡𝑥 = (5 + 𝑡)𝑥
4𝑥 + 32 = 4(𝑥 + 8)
This can be used for solving formulas.
Example: Solve 𝑞𝑡 + 𝑝𝑡 = 𝑐 for t.
(𝑞 + 𝑝)𝑡 = 𝑐
C

𝑡 = DEF

By factoring out the GCF
Dividing both sides by the quantity (𝑞 + 𝑝)
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Problem Situation 3: Simple Interest Formula
The formula 𝐴 = 𝑃 + 𝑃𝑟𝑡 allows us to find the amount A in a bank account that has an initial investment P at an
annual interest rate of r percent (in decimal form) for t years. When simple interest is used, the interest earned is not
paid into the account until the end of the time period.

(8) Find the value for A if P = 2000, r = 0.01, and t = 5

(9) Find t if A = 2200, P = 2000, and r = 0.01

(10) Solve for t in terms of A, P, and r.

(11) Solve for P in terms of A, r, and t. Suggestion: first factor the right side of the original formula.

Further Application:
Solve the original Widmark Blood Alcohol Content formula for the variable N.
That is, solve 𝐵 = −0.015𝑡 +

*.+,./

for N.
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2-7 How Dense Are We? (Civic Engagement)
Objectives
Students will be able to
A. Calculate population densities.
B. Calculate a unit rate.
C. Calculate population density proportions from density ratios.
D. Use proportions to solve equations.

Problem Situation 1: Using Ratios to Measure Population Density
Earth’s human population has grown from about 1 billion people to over 7 billion in the last two centuries.
However, populations in different regions do not always grow uniformly. For example, populations tend to
increase in areas where people already live close enough to one another to find mates. On the other hand,
crowded populations decrease when deadly diseases such as smallpox or Ebola virus, sweep through them. In
this lesson, you will compare geographic regions by their population densities.

Definition: The population density of a geographic region is a ratio of the number of people living in that
region to the area of the region. Population density is a measure of how crowded an area of land is. The
calculation is relatively simple:

𝐏𝐨𝐩𝐮𝐥𝐚𝐭𝐢𝐨𝐧 𝐝𝐞𝐧𝐬𝐢𝐭𝐲 =

𝐍𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐏𝐞𝐨𝐩𝐥𝐞
𝐀𝐫𝐞𝐚

1) In 2015, Seattle, WA had a population of about 660,000 people and covers approximately 142 square
miles.1 What is the population density of Seattle?

Example: Performance Art stage
Suppose an artist created a performance art event. On one stage that measures 20 feet by 20 feet there are
100 people spaced so that each person stands on a 2 foot by 2 foot square. The population density of the
stage could be expressed as 100 people per 400 square feet,
100 people
.
400 square feet
1

http://www.seattle.gov/dpd/cityplanning/populationdemographics/aboutseattle/population/
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Or this could be rewritten with a 1 in the numerator to indicate how much space each person has. To do this,
divide the numerator and the denominator values by 100, getting 1 person per 4 square feet, or it could be
expressed as fractions:

100 people
1 person
=
.
400 square feet
4 square feet

Population density is often expressed as the number of people per square unit. To rewrite the ratio this way,
express the ¼ as the decimal 0.25:

1!person
0.25!person
!=!
.
1!square!feet
! 4!square!feet

2) In another part of the performance art event, on a nearby patio of size 10 feet by 10 feet there are 25
people, each standing on his or her own 2 foot by 2 foot square. How does this population density
compare with that of the stage described above?

3) Remember the 100 people evenly spaced on the 20 foot by 20 foot stage. Next they move around to form
conversation subgroups by clustering close together. How does this affect the population density of the
stage?
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Activity: Classroom population density
Step 1:
Consider the classroom and the people in it now. Calculate the population density of the room. Some
measuring instruments such as tape measures or meter sticks will be needed.
Step 2:
Next the people in the room will move around.
(a) Consider the room to be a “county” containing a city, a suburb, and rural area.
•
•
•

Designate one corner of the room as “the city”. Some students should crowd together there.
Designate another corner of the room as “the suburb”. Some students should move there, but it
won’t be as crowded as the city.
Everyone else is scattered about the rest of the room in the “rural area”.

Each group should determine the population density of their area. You’ll need to know the boundary of
the city and suburb (which can be rectangular shaped) and use measuring instruments as needed.
Each group should record their answers so that everyone can see the results. Record results here:

(b) Compare the population density of the city and the suburb. The city’s population density is how many
times that of the suburb?

(c) Did the population density of the “county” (the classroom as a whole) change when people moved to the
city and suburb?

Step 3:
Imagine a very crowded large city, with each person standing on his or her own 2-foot-by-2-foot square where
the squares are adjacent. Calculate the population density per square mile. Be ready to explain your
reasoning after working with your group members. (1 mile = 5,280 feet.)

Step 4:
Imagine an average city like Lakewood or Puyallup, where each person could stand on his or her own 100-footby-100-foot square. Calculate the population density per square mile.
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PART 1: Estimation and Calculation
How crowded is China, compared to the United States?
In 2010, in the United States, approximately 309,975,000 people occupied 3,717,000 square miles of land. In
China, approximately 1,339,190,000 people lived on 3,705,000 square miles of land. Use this information to
answer the following questions.

4) A student carefully calculates the population densities of China and the United States. He decides that
China is less dense than the United States. Using your estimation skills only, decide if you think this
student’s calculation is correct. Show your reasoning.

5) At a lecture, you hear someone claim that, in terms of population, China is more than four times as dense
as the United States. Using your estimation skills, decide if you think this statement is correct. Show your
reasoning.

6) Calculate the densities (per square mile) of the Chinese and U.S. populations. Based on your calculation,
how many times more dense is the more crowded population? Be ready to share your calculations during
the class discussion.
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PART 2: Comparing Density Proportions
In this lesson, we will find that proportions will come in handy for answering certain questions
about population density.

Recall that a proportion is a statement that two fractions (ratios) are equal to each other.
The most general form of a proportions can be written in this form:
𝑎 𝑐
=
𝑏 𝑑
One of the most important properties of a proportion is that if

:
;

<

= = , then ad = bc.

What this means is that if you have a proportion, you can "cross multiply" to get a new, true
statement.
7)

Decide whether each proportion is true or false.

a.)

8)

𝟒
𝟓

𝟐𝟖

=

b.)

𝟑𝟓

𝟑
𝟒

=

𝟏𝟖
𝟑𝟐

Find the unknown number in the proportion
a.)

𝒙
𝟖𝟏

𝒄. )

=

𝟑𝟓

b.)

𝟒𝟓

𝟔𝒏
𝟕

=

𝟓
𝟐

d.)

𝟓
𝟏𝟕

=

𝒙L𝟑
𝟑

𝒙
𝟖𝟎

=

𝟏𝟓L𝒙
𝟔
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9) Suppose 5 gallons of gasoline cost $15.95. How much would it cost to completely fill a 13-gallon tank?

10) Suppose 8 U.S. dollars can be exchanged for 10.32 Canadian dollars. If you have 43.29 Canadian dollars,
how much in U.S. dollars did you exchange?

11) If a city has a density of 2,500 people per square mile, how many square miles would be needed to
support 800,000 people?

12) If a 23-acre alfalfa field produces 115 tons of hay, how many acres would be needed for a field to produce
250 tons of hay?

13) If a 32-gram serving of breakfast cereal contains 2.5 grams of fat, then how many grams of fat are in a box
containing 768 grams of the same breakfast cereal?

14) Ralph’s Residential Roofing charges $5.00 a square foot for installation to roof a building. Assuming they
charge the same rate per square foot regardless of the size of the roof, how many square feet of roofing
could be installed for $2,485.00?

15) Gwen’s Gravel Company supplied a homeowner with 18 cubic yards of gravel for his driveway at a cost of
$1,539.00. Assuming they charge the same rate per cubic yard regardless of the amount of gravel supplied,
what would they charge for 32 cubic yards of gravel?
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16) A tile store charges $351.00 to install 54 square feet of tile. Assuming they charge the same rate per
square foot regardless of the amount of tile installed, how much would they charge to install 200 square
feet of tile?

17) As a nurse, part of your daily duties is to mix medications in the proper proportions for your patients. For
one of your regular patients, you always mix Medication A with Medication B in the same proportion. Last
week, your patient's doctor indicated that you should mix 100 milligrams of Medication A with 30
milligrams of Medication B. However this week, the doctor said to only use 21 milligrams of Medication B.
How many milligrams of Medication A should be mixed this week?

18) While planning a hiking trip, you examine a map of the trail you are going on hike. The scale on the map
shows that 2 inches represents 5 miles. If the trail measures 16 inches on the map, how long is the trail?

19) The local State University has a ratio of 5 professors to every 96 students. There are 10,560 students at
State University. What is the number of professors at State University?

20) In Seattle, the tax on a property assessed at $680,000 is $8,160. If tax rates are proportional in this city,
how much would the tax be on a property assessed at $370,000?

21) According to Wikipedia on May 10, 2016, the city of Anchorage Alaska had about 301,000 residents and is
1,961 square miles. If Seattle had the same population density as Anchorage, how large in area would it
have to be in order to hold its population of 660,000 people. Write and solve a proportion. How does that
compare to the actual size of Seattle?
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3-1 Intro Cartesian Graphs and Graph Functions Using Tables
Objectives
Students will understand that
• that the family of the equation indicates the shape of the graph.
Students will be able to
• create a graph of an equation by plotting points.

In lesson 1.3 you learned that numbers and variables were used to create expressions, equations, and
inequalities. In this lesson we will look more closely at equations, identify their families, and learn to graph
them. We will begin with the fundamentals of graphing.
The first graph you used in this course was a number line. It is frequently used to show intervals of values
resulting from solving inequalities that contain only one variable.
-7

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

7

Graphs are more often used for showing the relationship between two variables. In such cases, two number
lines are made to intersect each other at right angles to form a rectangular (or Cartesian) coordinate system.
The horizontal axis is often called the x axis. The vertical axis is often called the y axis. To locate a point on the
graph requires two numbers, the x coordinate and the y coordinate. These coordinates are written as an
ordered pair (x,y). The two axes intersect at the origin (0,0).
(2,3)

To plot points, find the x coordinate on the x axis then move up or down until
reaching the y coordinate. For example, to graph the ordered pair (2,3), find
the 2 on the x axis, then move your pencil up 3 units.
Similarly, to plot (-3,-4), start at -3 on the x axis then go down 4 units.
1. Plot the points (-1,2), and (4,-2) on the graph to the right.
Graphing Population Projections
In Lesson 2.6 you found the absolute and relative change in the populations
of several states. The data below is for Washington.
In 2000, the population in WA was 5,900,000.
In 2010, the population in WA was 6,700,000.
2. What was the absolute change in population for the decade?
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(-3,-4)

3. What was the relative change in population for the decade?
Graphs, based on mathematical models, are often used for making projections into the future for planning
purposes. People tend to believe official looking graphs, however one good critical thinking skill is to always
question predictions about the future.
4. To open your thoughts to different possible futures for the population of Washington State, draw one line
connecting the 2000 population to the 2010 population then draw 5 different curves that begin at 2010 and
extend to 2020 that show 5 different potential futures for WA State. Use your imagination. Ignore the fact
that we could actually find the current population.

5. Suppose Washington’s population continued after 2010 with the same absolute change as it had for 2000
to 2010. We’ll determine the population for future years and graph them.
a) Calculate the same absolute change each decade to fill in the missing numbers in the table.
2000 pop à known value: . . . . . . . . . . . . . . . . . . . = 5,900,000
2010 pop à known value: . . . . . .

= 5,900,000

+ 800,000

= 6,700,000

predict 2020 pop à 2010 pop + absolute change = 6,700,000

+ 800,000 = 7,500,000

predict 2030 pop à 2020 pop + absolute change = 7,500,000

+

=

predict 2040 pop à 2030 pop + absolute change =

+

=

predict 2050 pop à 2040 pop + absolute change =

+ 800,000 = 9,900,000

predict 2060 pop à 2050 pop + absolute change = 9,900,000

+ 800,000

= 10,700,000

predict 2070 pop à 2060 pop + absolute change =

+

=

b) Plot the populations on the graph below (that is – put a dot where each one belongs).
Pierce College Math Department. CC-BY-NC-SA
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(2000 to 2020 are supplied; you plot 2030 to 2070).
c) Then: On the graph, connect the dots with a smooth line or curve (whatever fits them best).
WA population predicted:
Absolute Change Constant v. Relative Change constant
15,000,000.00
14,000,000.00
13,000,000.00
12,000,000.00
11,000,000.00
10,000,000.00
9,000,000.00
8,000,000.00
7,000,000.00
6,000,000.00
5,000,000.00
2000

2010

2020

2030

2040

2050

2060

2070

6. Suppose Washington’s population continued after 2010 with the same relative change as it had for 2000 to
2010. We’ll determine the population for future years and graph them.
a) Calculate the same relative change each decade to fill in the missing numbers in the table.
2000 pop à known value: . . . . . . . . . . . . . . . . . .
2010 pop à known value: . . . . . . . .

= 5,900,000

=

5,900,000 (1 + .1356) = 6,700,000

predict 2020 pop à 2010 pop *(1 + relative change) =

6,700,000 (1 + .1356) = 7,608,520

predict 2030 pop à 2020 pop *(1 + relative change) =

7,608,520 (

) =

predict 2040 pop à 2030 pop *(1 + relative change) =

(

)=

predict 2050 pop à 2040 pop *(1 + relative change) =

( 1.1356 ) = 11,142,338

predict 2060 pop à 2050 pop *(1 + relative change) = 11,142,338 ( 1.1356 ) = 12,653,239
predict 2070 pop à 2060 pop *(1 + relative change) =

(

) =

b) If possible, use a different color than you used for the previous graph to do this.
Plot those populations on the grid for the previous question (that is – put a dot where each one belongs).
(2000 to 2010 are supplied; you plot 2020 to 2060).
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c) On the graph, connect these dots with a smooth line or curve (whatever fits them best) – using a different
color than the previous graph or else use a dashed-line for this one ( - - - - - -).

d) Observe the two graphs you sketched.
In #5 using “absolute change constant” do the dots fit on a straight line?_______

In #6 using “relative change constant” do the dots fit on a straight line? _______

Families of Equations
The two graphs you just made will be used to help show you the difference between families of equations.
The line that showed the same absolute change is a straight line. Straight lines are the type of line that results
from a linear equation. The line that showed the same relative change is a curve that is typical of those
produced from exponential equations. These are two of the three families that you should be able to
recognize and graph.
The three families of equations that are explored in this course are linear equations, exponential equations
and quadratic equations. Examples of these are shown in the table below.

2𝑥 + 3𝑦 = 6

1
𝑦 = 𝑥−3
2

𝑦 = 3𝑥

Exponential
equation

𝑦 = 2+

1 +
𝑦=, 2

𝐴 = 1000(1 + 0.03)3

Quadratic equation

𝑦 = 𝑥4

𝑦 = 𝑥 4 + 2𝑥 − 4

1
𝑑 = 𝑔𝑡 4
2

Linear equation

7. How would you distinguish a linear equation from other equations?

8. How would you distinguish an exponential equation from other equations?

9. How would you distinguish a quadratic equation from other equations?
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10. Identify each of the following equations as linear, exponential or quadratic
𝑦 = 3𝑥 4 + 6𝑥 + 9

linear exponential

quadratic

𝑦 = −2𝑥 + 5

linear exponential

quadratic

𝑦 = 50(1.04)+

linear exponential

quadratic

Graphs of the Families of Equations
Each family has a distinctive shape for its graph. Knowing the shape helps with graphing.
Graphs of linear equations produce straight lines.

;

𝑦 = 4𝑥 −4

<

𝑦 = −=𝑥 + 3

Graphs of exponential equations produce J-shaped growth or decay curves.

< +

𝑦 = 4+
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Quadratic equations produce parabolas

𝑦 = 𝑥4

𝑓(𝑥) = −𝑥 4 − 1

One way to graph any equation is with a table of values.
Before graphing, identify the family of the equation first, so you know the expected shape of the graph. Then
use a table of values, by selecting x values, substituting them into the equation, and finding the y value. Plot
the (x,y) ordered pairs and then connect the points with a line that extends to the borders of the grid.
To graph linear equations: Select three x values. The first x value to be selected should be 0. To make your
workload easier, the remaining 2 values you select should be numbers that cancel with the denominator of
the fraction being multiplied times x. For example, for the linear equation
<

A

𝑦 = 4 𝑥 − 3, select 0 then numbers such as 2, 4, 6, -2, -4. For the linear equation 𝑦 = − ; 𝑥 + 2, select 0 then

numbers such as 3,6, -3, -6. By using numbers that can be divided by the denominator, your y value will not
be a fraction, making it easier to graph.
<

Example: Graph 𝑓(𝑥) = 𝑥 − 3
4
Table of values
x
0
2
-2

Substitution
1
𝑓(0) = (0) − 3
2
1
𝑓(2) = (2) − 3
2
1
𝑓(−2) = (−2) − 3
2
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Simplification

y=f(x)

Ordered
pair

𝑓(0) = 0 − 3

-3

(0,-3)

𝑓(2) = 1 − 3

-2

(2,-2)

𝑓(−2) = −1 − 3

-4

(-2,-4)
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A

11. Graph 𝑦 = − ; 𝑥 + 2 using a table of values.
x

y

To graph exponential equations: Keep in mind the expected shape. The first three x values to select should
be 0, 1 and -1 because they will show if it is a growth or decay J curve. Select 0 because any value raised to
the 0 power equals 1. Select 1 because any value raised to the first power equals itself. Select -1 because a
value raised to the -1 power is the reciprocal. Plotting the ordered pairs for these three values should give you
a reasonably good idea of what the graph will look like. Then you need to determine when it will go off the
grid. It should go off the grid on one side just above the x axis and on the other side off the top of the grid.
Graph y = 2x.
x

Substitution

Simplification

y

Ordered
pair

0

𝑦 = 2B

1

(0,1)

1

𝑦 = 2<

2

(1,2)

-1

𝑦 = 2C<

-5

𝑦 = 2CA

1
2
1
32

1
,−1, 2
1
,−5, 32

2

𝑦 = 24

4

(2,4)

3

;

8

This is off
the top of
the grid

1
2<
1
𝑦= A
2
𝑦=

𝑦=2
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< +

12. Graph 𝑦 = >4?

(hint: remember that negative exponents produce a
reciprocal)
x

y

To graph quadratic equations: Plot each point as you calculate it. Keep in mind the expected shape of the
parabola. Select x values that will help complete the shape. You almost always need to include some negative
x values. Remember that squaring a negative number produces a positive number.

Graph 𝑦 = 𝑥 4 − 3
x

Substitution

Simplification y

Ordered pair

0

y = 02 – 3

y=0–3

-3

(0,-3)

1

y = 12 – 3

y=1–3

-2

(1,-2)

-1

y = (-1)2 – 3

y=1–3

-2

(-1,-2)

2

y = 22 – 3

y=4–3

1

(2,1)

-2

y = (-2)2 – 3

y=4–3

1

(-2,1)

3

y = 32 – 3

y=9–3

6

Off the grid
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13. Graph 𝑦 = 𝑥 4 − 1

x

y

For each of the equations below, identify the family and then make a graph using a table of values. Pick
numbers so you don’t need a calculator.

14. 𝑦 = 3+
x

Family _____________________
y
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=

15. 𝑦 = − ; 𝑥 + 3 Family

_____________________
x

y

16. 𝑦 = 3𝑥 − 2 Family _____________________
x

y

17. 𝑦 = −𝑥 4 + 2 Family
_____________________
x

y
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< +

18. 𝑦 = >;?
x

Family _____________________

y

19. 𝑦 = 𝑥 4 − 5 Family
_____________________
x

y
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3-2 Interpreting Linear Equations
Objectives
Students will understand that
• the behavior of a formula can be explored using a table and graph.
Students will be able to
• simplify a formula given values for some parameters.
• solve for a variable in a linear equation, and evaluate an equation.
• Interpret a point (x,y) in words.

Problem Situation: Calculating Blood Alcohol Content
Blood alcohol content (BAC) is a measurement of how much alcohol is in someone’s blood. It is usually measured as a
percentage. So, a BAC of 0.3% is three-tenths of 1%. That is, there are 3 grams of alcohol for every 1,000 grams of blood.
A BAC of 0.05% impairs reasoning and the ability to concentrate. A BAC of 0.30% can lead to a blackout, shortness of
breath, and loss of bladder control. In most states, the legal limit for driving is a BAC of 0.08%.1
(1) What variables do you think might influence BAC?

BAC is usually determined by a breathalyzer, urinalysis, or blood test. However, Swedish physician, E.M.P. Widmark
developed the following equation for estimating an individual’s BAC. This formula is widely used by forensic scientists:2
2.84𝑁
𝐵 = −0.015𝑡 +
𝑊𝑔
where
B = percentage of BAC
N = number of “standard drinks” (A standard drink is one 12-ounce beer, one 5-ounce glass of wine, or one 1.5ounce shot of liquor.) N should be at least 1.
W = weight in pounds
g = gender constant, 0.68 for men and 0.55 for women
t = number of hours since the first drink

(2) Looking at the equation, discuss why the items on the right of the equation make sense in calculating BAC.

1
2

Retrieved from http://en.wikipedia.org/wiki/Blood_alcohol_content.
Retrieved from www.icadts2007.org/print/108widmarksequation.pdf
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(3) Consider the case of a male student who has three beers and weighs 120 pounds. For this case, these values can
replace the appropriate variables in the formula. What variables are still unknown in the equation? Simplify the
equation as much as possible for this case.

(4) Using your simplified equation, find the estimated BAC for this student one, three, and five hours after his first drink.
What patterns do you notice in the data?
Hours

BAC

1
3
5

(5) How much does this student's BAC change each hour?

(6) Create a graph of BAC over time for this student.

(7) Using your equation, what would this student's BAC be after 8 hours? Is this reasonable?
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(8) How long will it take for this student’s BAC to be 0.08%, the legal limit? How long will it take for the alcohol to be
completely metabolized resulting in a BAC of 0.0?

(9) A female student, weighing 110 pounds, plans on going home in two hours. Using the formula above, the simplified
equation for this case is
B = - 0.03 +

2.84 N
60.5

(a) Compare her BAC for one glass of wine versus three glasses of wine at the time she will leave.

(b) In this scenario, determine how many drinks she can have so that her BAC remains less than 0.08%.

(c) Create a graph of BAC given number of drinks for this student.
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3-3 Using Tables and Equations of Lines
Objectives
Students will understand that
•
•
•
•

linear models are appropriate when the situation has a constant increase/decrease.
slope is the rate of change.
the rate of change (slope) has units in context.
different representations of a linear model can be used interchangeably.

Students will be able to
•
•
•
•
•

label units on variables used in a linear model.
make a linear model when given data or information in context.
make a graphical representation of a linear model.
make a table of values based on a linear relationship.
identify and interpret the vertical intercept in context.

In this lesson, you will learn about how linear models (linear equations in context) can be useful in examining
some situations encountered in real life. A model is a mathematical description of an authentic situation. You
can also say that the mathematical description “models” the situation. There are four common
representations of a mathematical relationship.

Four Representations of a Relationship
In the last lesson, you explored how BAC could be estimated. If we were considering a 150 pound male who
has had 3 drinks, the equation would simplify to
B = - 0.015 t + 0.0835
This is an equation for a model. This equation is useful because it can be used to calculate BAC given a
number of hours (150 pound man, 3 drinks). Equations are useful for communicating complex relationships. In
writing equations, it is always important to define what the variables represent, including units. For example,
in the equation above, B = Blood alcohol content percentage, t = number of hours since the first drink.
Another way that you could have represented this relationship is in a table that shows values of t and B as
ordered pairs. An ordered pair is two values that are matched together in a given relationship. You used a
table in the last lesson. Tables are helpful for recognizing patterns and general relationships or for giving
information about specific values. A table should always have labels for each column. The labels should include
units when appropriate.
Time since first drink (hours)
0
1
2
3
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BAC (%)
0.0835
0.0685
0.0535
0.0385

BAC (%)

A graph provides a visual representation of the situation. It helps you see how the variables are related to each
other and make predictions about future values or values in between those in your table. The horizontal and
vertical axis of the graph should be labeled, including units.
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
0

1

2

3

4

5

6

Time since first drink (hrs)

A verbal description explains the relationship in words. In this case, we can do that by looking at how the
values in the formula affect the result. Notice that the person's BAC begins at 0.0835% (at the time he first
consumes the 3 drinks), and whenever t increases by 1, the BAC drops by 0.015%. So we could verbally
describe the relationship as: The persons BAC starts at 0.0835%, and drops by 0.015% each hour.

Linear Equations and Slope
The type of equation we looked at for BAC is a linear equation, or a linear model. Recall that the graph of a linear
equation is a line. The primary characteristic of a linear equation is that it has a constant rate of change, meaning that
each time the input increases by one, the output changes by a fixed amount. In the example above, each time t
increased by 1, the BAC dropped by 0.015%. This constant rate of change is also called slope.
Example: if I were walking at a constant speed, my distance would change 6 miles in 2 hours. We could compute the
6 miles 3 miles
slope or rate of change as
=
= 3 miles per hour .
2 hours 1 hour
In general, we can compute slope as

change of output
.
change of input

(1) Janey spent $500 in 10 days. Find the slope, the rate at which she spent money. Include units.
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In the graph shown, we can see that the graph is a line, so
the equation is linear. We can compute the slope using any
two pairs of points by counting how much the input and
output change, and divide them. Notice that we get the
same slope regardless of which points we use.
If the output increases as the input increases, we consider
that a positive change. If the output decreases as the input
increases, that is a negative change, and the slope will be
negative.
Some people call the calculation of slope "rise over run",
where "rise" refers to the vertical change in output, and
"run" refers to the horizontal change of input.
The units on slope will be a rate based on the units of the
output and input variables. It will have units of "output
units per input units".
For example:
Input: hours.

Output: miles.

Another example:
Input: number of cats.

Slope: miles per hour

Output: pounds of litter.

Slope: pounds of litter per cat

Slope Intercept Equation of a Line
The slope-intercept form of a line, the most common way you'll see linear equations written, is
𝑦 = 𝑚𝑥 + 𝑏
where m is the slope, and b is the vertical intercept (called y intercept when the output variable is y). In the
equation, x is the input variable, and y is the output variable.
Notice our BAC equation from earlier, 𝐵 = −0.015𝑡 + 0.0835, fits this form where the slope is -0.015 and the
vertical intercept is 0.0835. The input variable is t and the output variable is B.
The slope tells us a rate of change. As we interpreted earlier, in this equation the slope tells us the person's
BAC drops by 0.015% each hour. Or we could say that the rate of change is −0.015% per hour.
The vertical intercept tells us the initial value of the equation - the value of the output when the input is zero.
For the BAC equation, the vertical intercept tells us the persons BAC starts at 0.0835%.
(2)
Joyce is saving up for a trip. 𝐴 = 200𝑡 + 1000 gives the amount A, in dollars, she expects to have
saved in t weeks. Find the slope and vertical intercept, and identify the units on each.
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Graphing using Slope and Intercept
In earlier lessons, you graphed a formula by calculating points. You certainly can continue to do that, and
knowing that an equation is linear just makes that easier by only requiring two points. But it can be helpful to
think about how you can use the slope to graph as well.
Suppose we want to graph
2
y =- x+5
3

using the vertical intercept and slope.
The vertical intercept of the function is (0, 5), giving us a point on the graph of the line.
-

2
3 . This tells us that every time the input increases by 3, the output decreases by 2. In graphing,

The slope is
we can use this by first plotting our vertical intercept on the graph, then using the slope to find a second point.
From the initial value (0, 5) the slope tells us that if we move to the right 3, we will move down 2, moving us to
the point (3, 3). We can continue this again to find a third point at (6, 1). Finally, extend the line to the left and
right, containing these points.

(3) Draw a graph of 𝑦 = 2𝑥 + 1
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Problem Situation 1: Fundraiser
A sports team is planning a fundraiser to help pay for equipment. Their plan is to sell team T-shirts to friends
and family, and they hope to raise $500. Their local screen printing shop will charge them a $75 setup fee, plus
$6 per shirt, and they plan to sell the shirts for $15 each.
(1)

Explore their profit (the amount they bring in from sales minus costs) using graphs and/or tables. Use
these to estimate how many shirts the team will have to sell to reach their goal.

(2)

How much profit does the team make for each shirt they sell?

(3)

Create an equation for the linear model for their profit in terms of the number of shirts they sell.

(4)

How much money will they raise if they can sell 30 shirts?

(5)

How many shirts will they have to sell to avoid losing money?

(6)

How many shirts will they have to sell to raise their goal of $500?
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Problem Situation 2: Daily Latte
A local coffee shop offers a Coffee Card that you can preload with any amount of money and use like a debit
card each day to purchase coffee. At the beginning of the month (when you get your paycheck), you load it
with $50. Each day, your short soy latte costs $2.63.
(1)

Estimate if the Coffee Card will last until the end of the month if you purchase a latte every weekday.
Explain your reasoning.

(2)

If you purchase a latte every weekday,
(a) Create a formula for a linear model for the balance on your coffee card.

(b) Use the linear model to calculate if your $50 Coffee Card will last until the end of
the month. If not, how many days will you have to go without coffee before you can reload it with
money after your next paycheck (beginning of next month)? Or, if so, how much money is left at the
end of the month?

Problem Situation 3: Weight Loss Challenge

(1) Calculate each person's rate of change. Include units.

Jonas

195
Weight, pounds

Four friends decided to do a joint weight loss challenge. They weighed in at
the start, and again after 3 or 4 weeks. Their results are shown in the graph
to the right.

200
190

Marcel

185

Jamie

180
175

Carlie

170
165
1

(2) How does the rate of change being positive, negative, or zero relate to the
graph of the line?
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2

3 4
Weeks

5

(3) If Jamie continues losing weight at the same rate:
a) Find a linear model for Jamie's weight.

b )How much will she weigh after 5 weeks?

c) How long will it take until she reaches her target weight of 173 pounds?

For example, suppose that another friend, Raj, decides to join the challenge.
Being a mathematician and a technology fan, he has a much more accurate
scale and tracks things more closely. Since he joined late, he doesn't know
what his weight was when the others started, but he knows after 0.5 weeks
his weight was 193.4 pounds, and after 4 weeks his weight was 187.6.

Weight, pounds

In the previous problem, you were able to calculate the rate of change by counting on the graph how much
each person's weight changed over 3 or 4 weeks. This approach works well with clear graphs or simple
numbers, but becomes more problematic in other cases.
195
185
180

To compute his rate of change, we need to determine the change in output
(weight) and change in input (weeks). This is harder to just count from the
graph, so instead we can use the values themselves and find the difference:
187.6 − 193.4 = −5.8 He lost 5.8 pounds
4 − 0.5 = 3.5

So, the slope is

Raj

190

He lost it over 3.5 weeks

change of output 187.6 - 193.4 -5.8
=
=
» -1.66 pounds per week.
change of input
4 - 0.5
3.5
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1

2

3 4
Weeks

5

In general, if we have two points (x1, y1) and (x2, y2), then we can calculate the slope as

slope =

change of output y2 - y1
=
change of input x2 - x1

It doesn't matter which point you call (x1, y1) and which you call (x2, y2), but it is important that when
calculating the differences, both start with values from the same point.
4) Find the slope of the line between the points point (2, 5) and (6, 3).

Problem Situation 4: Milk and Soft Drink Consumption
Since 1950, the U.S. per-person consumption of milk and soft drinks has changed drastically. For example, in
1950, the number of gallons of milk consumed per person was 36.4 gallons; in 2000 that number had
decreased to 22.6 gallons. Meanwhile, the number of gallons of soft drinks consumed per person in 1950 was
10.8 gallons. By 2000, this number had increased to 49.3 gallons per person.1
5) Use a graph or table to estimate whether there is a time when the consumption (per person) of milk
equaled or will equal the consumption (per person) of soft drinks.

6) If so, use linear equations to determine the year in which the consumption was (or will be) equal.

1

Retrieved from www.ers.usda.gov/data/foodconsumption/spreadsheets/beverage.xls

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department. Licensed CC-BY-SA-NC.
122

Further Applications (Optional)
7) Suppose you and your roommates need to move, so you look into renting a moving truck for the day.
U-Haul (www.uhaul.com) charges the following amounts for three different trucks. The dimensions for the
trucks are given in length x width x height.
• $19.95 plus $0.79 per mile for a cargo van with inside dimensions: 9'2" x 5'7-1/2" x 4'5"
• $29.95 plus $0.99 per mile for a 14' truck with inside dimensions: 14'6" x 7'8" x 7'2"
• $39.95 plus $0.99 per mile for a 20' truck with inside dimensions: 19'6" x 7'8" x 7'2"
You estimate that you and your roommates have three rooms full of furniture and boxes, equivalent to about
1,000 cubic feet. Your new apartment is about 10 miles (one way) from your old apartment.
As a group, decide which vehicle size is a better deal to rent. Provide work to support your answer.
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3-4 Equation of line from table and graph
Objectives
Students will understand that
• linear equations can approximate nearly linear data.
Students will be able to
• find the equation of a line that estimates nearly linear data by calculating the rate of change and the
vertical intercept of the line.
• use approximate linear models to interpolate and extrapolate.

In an earlier lesson, you learned that the equation of line can be written in the form y = mx + b . This makes it
easy to write the equation when we know the slope and initial value.
In the last lesson, you learned how to compute the slope when you had two points that lie on the line,

Using the formula slope =

change of output y2 - y1
.
=
change of input x2 - x1

Now suppose we had two points, neither of which was the y intercept, and we want to write an equation for
the line. To do that, we need to use the slope and a point to find the intercept.
Example: Find the equation of a line passing through (2,5) and (4, 6).

The slope is slope =

change of output y2 - y1 6 - 5 1
=
=
=
change of input x2 - x1 4 - 2 2

We know the general equation of a line is y = mx + b , so putting in the known slope gives
1
y = x+b
2

Now, to find b we can replace x and y with one of our points, and solve for the value of b that will make the
equation true. Using (2,5):

1
(2) + b
2
5=1+b
4=b
5=

1
2

We have found the y-intercept and can now write the equation for the line: y = x + 4
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The process for finding an equation of a line is:
Identify two points that lie on the line
Calculate the slope between those points. m =

y2 - y1
x2 - x1

Start with y = mx + b . Put in the slope, substitute one of the points for x and y, and solve for b.
Write the final equation of the line.

Recall in the last lesson that Raj weighed 193.4 pounds after 0.5 weeks, and 187.6 pounds after 4 weeks. Find
a linear model for Raj's weight, w, after t weeks.

Problem Situation 1: Minimum Wage
The minimum wage is the lowest amount a company is allowed to pay its workers. In the United States, the
minimum wage was introduced in 1938. The federal government sets a minimum wage, currently $7.25 per
hour, and states and cities can set a higher minimum wage if desired. In Washington State in 2015, the
minimum wage was $9.47 per hour, and is adjusted each year based on cost of living.
As you may have read in the newspapers, there are groups working to raise the minimum wage to $12 or $15.
Seattle has adopted a plan to increase the minimum wage to $15 over the next several years (by 2017 or 2018
for large employers, and by 2019 or 2021 for smaller companies). How much of a jump is this over the
normally expected increases?
To explore this question, we will look at the historical increases of minimum wage in Washington. Real data
rarely fall on a straight line, but sometimes data show a definite trend. If the trend is close to linear, the data
can be approximated by a linear model. This means that a linear model gives good estimates of what the data
will be if the trend continues. A model can also be used to estimate values between data points. In this lesson,
you will learn to create linear models from data.

The following data shows the minimum wage in Washington from 2005 to 2015.
Year 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015
Min
$7.35 $7.63 $7.93 $8.07 $8.55 $8.55 $8.67 $9.04 $9.19 $9.32 $9.47
Wage
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Minimum Wage in Washington
$10.00
$9.00
$8.00
$7.00
$6.00
$5.00
$4.00
$3.00
$2.00
$1.00
$0.00
2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015

1. Holding a ruler or the edge of a paper up to the graph, sketch a line that you think best fits the data
(most accurately models the data trend). Using that line, find the equation for a linear model to
approximate these data, letting W be the minimum wage and t the year, measured in years after 2000.

2. Explain the meaning of the slope and y- intercept of your equation.

3. Using your model, predict the minimum wage in 2020. Compare your prediction to your classmates'
predictions. Why are they all different?

4. When does your model predict the minimum wage would reach $15 if it continued increasing at the
same rate?
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Problem Situation 2: Growth
The chart to the right is a growth chart for boys, aged 2 to
15 years1. The different curves show different percentiles
for growth; the top curve shows the 95th percentile, where
95% of boys are that height or shorter. The middle curve
shows the 50th percentile (the median height), and the
bottom curve shows the 5th percentile.
1. Identify two pairs of data from the median height
curve, and use those to determine an approximate
linear model for the curve.

Height, centimeters

Height for age - Boys
180
175
170
165
160
155
150
145
140
135
130
125
120
115
110
105
100
95
90
85
80
75
2 3 4 5 6 7 8 9 10 11 12 13 14 15
Age (years)

2. Use your model to predict the height of a 10 year old boy. How well does your model’s prediction
agree with the data in the chart?

3. Use your model to predict the height of a 16 year old boy. Are you more or less confident in this
prediction than the prior one?

4. Use your model to predict the height of a 30 year old man. How accurate is this prediction likely to be?

1

Based on data from http://www.cdc.gov/growthcharts/clinical_charts.htm#Set1
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5. Determine a reasonable domain for this model. That is, determine an interval of ages for which this
model is likely to be reasonably accurate.

6. Ninety percent of children fall between the 5th percentile and the 95th percentile. We’ll call this the
“typical” interval. Write an inequality for the “typical” interval of heights for a 9 year old boy.

7. If a lost child is found who is 145 cm tall, determine an interval of likely ages for the child.
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Problem Situation 3: Sinking a Block of Wood
A block of wood, 10cm by 20 cm by 4 cm thick is floated on a pool of water, submerging it to a depth of 1
cm. A 50 gram mass is placed on top of the block, increasing the depth submerged to 1.25 cm. Another 50
gram mass is placed on top, increasing the depth to 1.5 cm.
1. Find a linear model for the depth of the block in terms of the mass placed on top, with D representing the
depth in centimeters to which the block is submerged, and w representing the amount of weight in grams
on top of the block.

2. Use the model to predict the mass of the block of wood. (Measure the weight in grams.)

3. How much mass could be added before the block would be totally submerged?
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3-5 Linear Regression
Objectives
Students will be able to
• Find an equation of a line given 2 points on the line
• Understand what a correlation coefficient
• Find a line of best fit and use it to make estimates

Skill Review
Find a linear equation given the information below.
1. (3, 7) and (5, 13)

2.

This lesson uses lessons from Secondary Mathematics One: An Integrated Approach by the Mathematics Visions Project and Introductory
Statistics by the Open Learning Initiative.
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Introduction
A Pennsylvania research firm conducted a study in which 30 drivers (of ages 18 to 82 years old) were sampled,
and for each one, the maximum distance (in feet) at which he/she could read a newly designed sign was
determined. The goal of this study was to explore the relationship between a driver's age and the maximum
distance at which signs were legible, and then use the study's findings to improve safety for older drivers.
(Reference: Utts and Heckard, Mind on Statistics (2002). Originally source: Data collected by Last Resource, Inc,
Bellfonte, PA.)
Since the purpose of this study is to explore the effect of age on maximum legibility distance,
• the explanatory (independent) variable is Age, and
•

the response (dependent) variable is Distance.

Note that the data structure is such that for each individual
(in this case driver 1....driver 30) we have a pair of values (in
this case representing the driver's age and distance). We can
therefore think about these data as 30 pairs of values: (18,
510), (32, 410), (55, 420), ... , (82, 360).
The first step in exploring the relationship between driver age
and sign legibility distance is to create an appropriate and
informative graphical display. The appropriate graphical
display for examining the relationship between two
quantitative variables is the scatterplot.
Here is how a scatterplot is constructed for our example:

It is important to mention again that when creating a scatterplot, the explanatory variable should always be
plotted on the horizontal X-axis, and the response variable should be plotted on the vertical Y-axis. If in a specific
example we do not have a clear distinction between explanatory and response variables, each of the variables
can be plotted on either axis.
5th grade students took a test to measure what they have learned in their English and History classes. A selection
of the classes’ scores are included below.
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1.

Create a scatter plot for the data in the table.

English Score

History Score

60

65

53

59

44

57

61

61

70

67

2.

Do the scores appear to be related? Write a few sentences describing the relationship you observe
between the English and History scores.

3.

Use a straightedge to draw a line through the points. Identify two points on the line and find the equation
of the line that travels through them.
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When we draw a line like we did in the example above, it is doubtful that everyone would select the same line
in the plot. We need to agree on what we mean by "best fits the data"; in other words, we need to agree on a
criterion by which we would select this line. We want the line we choose to be close to the data points. In other
words, whatever criterion we choose, it had better somehow take into account the vertical deviations of the
data points from the line, which are marked with blue arrows in the plot below:

The most commonly used criterion is called the least squares criterion. This criterion says: Among all the lines
that look good on your data, choose the one that has the smallest sum of squared vertical deviations. Visually,
each squared deviation is represented by the area of one of the squares in the plot below. Therefore, we are
looking for the line that will have the smallest total yellow area.

This line is called the least-squares regression line, and, as we'll see, it fits the linear pattern of the data very
well.
Linear Regression Using Technology
1. Visit www.Desmos.com
2. Create a table in Desmos and enter your data
3. Next, enter your regression model, like y1 ~ mx1+b
4.

Use technology to find the equation of the least square regression line of best fit. Define what the
variables represent.
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5.

Use the equation found in question 4 to predict the history score of a student that got a 53 on the English
portion. How does this compare to history score predicted by the line you found in question 3?

The strength of the relationship is determined by how closely the data follow the form of the relationship. Let's
look, for example, at the following two scatterplots displaying positive, linear relationships:

When using technology to do linear regression you may notice a quantity labeled r, the correlation coefficient.
The correlation coefficient (r) is a numerical measure that measures the strength and direction of a linear
relationship between two quantitative variables.
• r values range between -1 and 1
• negative values of r describe negative association
• positive values of r describe positive association,
• values of r near 0 correspond to data with a very weak linear relationship
• r values near 1 or -1 describe data that fit a linear model
6.

Find the correlation coefficient for the scatter plot of the test scores (round two decimal places).
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7.

Match the following scatterplots with the correct correlation coefficient
Possible correlation coefficients:
a. 0.05

b. 0.97

c. -0.94

d. -0.49

e. 0.68

f. -0.25

PART 1: Faster, Higher, Stronger
The modern Olympic Games have changed dramatically since their inception in 1896. For example, many
commentators have remarked on the change in the quality of athletic performances from year to year.
Regression will allow us to investigate the change in winning times for one event—the 1,500 meter race.
Year
1900
1904
1908
1912
1920
1924
1928
1932
1936
1948
1952
1956
1960
1964
1968
1972
1976
1980
1984
1988
1992
1996
2000
2004

Time

8.

Use technology and sketch the scatter plot for the winning times in the 1500m

246
245.4
243.4
236.8
241.8
233.6
233.2
231.2
227.8
229.8
225.1
221.2
215.6
218.1
214.9
216.3
219.2
218.4
212.53
215.96
220.12
215.78
212.32
214.19

This data is already available on Desmos: http://bit.ly/1500mdat
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9.

Use technology to find the equation of the line of best fit. Define the variables used in the equation.

10. Find the correlation coefficient. What does the scatter plot and the correlation coefficient tell us about
the relationship between the year and Olympic gold medal times?

11. Use the equation of the line of best fit to find the predicted gold medal time in 2016 Olympics.

12. The actual gold medal time in 2016 was 226.82 seconds. How does your prediction compare to the actual
winning time?

13. For which Olympics is the winning time predicted to be under 200 seconds? How confident are you in this
prediction? Explain.
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PART 2: Making More $
Each year the U.S. Census Bureau provides income statistics for the United States. In the years from 1990 to
2005, they provided the data in the tables below. (All dollar amounts have been adjusted for the rate of inflation
so that they are comparable from year-to-year.)
This data is available on Desmos already: http://bit.ly/incomedat
Year
2005
2004
2003
2002
2001
2000
1999
1998
1997
1996
1995
1994
1993
1992
1991

Median Income
of Men
41196
41464
40987
40595
41280
41996
42580
42240
40406
38894
38607
38215
37712
37528
38145

Median Income
of Women
23970
23989
24065
23710
23564
23551
22977
22403
21759
20957
20253
19158
18751
18725
18649

14.

Create a scatterplot for the median income of men and women in Desmos, setting 1991 as year 1.
Without calculating, do you think men’s or women’s income have a stronger correlation with year?

15.

Use technology to find the actual correlation coefficient for both graphs.
a. What is the actual correlation coefficient for men? _________________
b. What is the actual correlation coefficient for women? _________________
c. What do the correlation coefficients for men and women tell us about how the data
compares?
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16.

Use technology to calculate a linear regression for each set of data. Add the regression lines to your
scatter plots.
a. Linear regression equation for men:
b. Linear regression equation for women:

17.

What does the slope of the regression line mean in context of the problem?

18.

Compare the regression lines for men and women. What do the lines tell us about the income of men
vs women in the years from 1991-2005?

19.

Use your model to estimate the median income for men and women in 2015?

The Census Bureau provided the following statistics for the years from 2006-2011.
Year
2011
2010
2009
2008
2007
2006

Median Income
of Men
37653
38014
38588
39134
41033
41103

Median Income
of Women
23395
23657
24284
23967
25005
24429

20.

With the addition of these data, what would you now estimate the median income of men in 2015 to
be? Why?

21.

How appropriate is a linear model for men’s and women’s income from 1991-2011? Justify your answer.
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3-6 Three Percent Equations
Objectives
Students will be able to
• Perform calculations involving percents
• Find a percent increase or decrease
• Solve problems involving percent, percent increase, and decrease.

Skill Review
Reduce each to a fraction in lowest terms
!

$%

!&

"$

"#

!#

"#

%'

!#

$%

()

''

"##

"##

"##

"##

Write each fraction in decimal form
!

$%

!&

"$

"#

!#

"#

%'

Solve each of the following
a. 13x = 78

b.

*
'

c. 0.75x = 45

= 17

Introduction
1.

What is a percent? Come up with a definition in your own words.

To work with percents we need to be able to convert them to fractions or decimals. It is easier to
interpret some answers in percent form, so we will also need to concert decimal and fraction answers
back into percent form.
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To convert a percent to a fraction, place the % over a denominator of 100 and remove the
% sign. Remember “percent” means parts per 100.
2.

Write 33% and 7% as fractions.

3.

Convert 26% and 42 $ % to a fraction in lowest terms.

4.

Convert 26% and 42 $ % to a decimal using your answers in question 3.

5.

Write a rule that can be used to convert a percent to a decimal.

6.

Write each % in decimal form.
a. 53%

%

%

b. 9.2%

c.
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110%

To convert a fraction or decimal to a %, multiply by 100 and write the % sign.
10.

Convert the following to a %.
a.

11.

0.78

b.

0.06

c. 1.23

Perform the following conversions on your own.
a. 0.24 to a percent

b. 95% to a fraction in lowest terms

𝟏

c. 𝟑𝟔 % to a decimal.
𝟓

PART 1: Price of Tech
Pieces of a percent problem

Percent problems involve three quantities: the whole amount (the base), the percent, and the amount (a part of the
whole). The amount is a percent of the whole.
Example: 50% of 20 is 10. 20 is the base (the whole). 50% is the percent, and 10 is the amount (part of the whole)
In percent problems, one of these quantities will be unknown. Here are the three cases:
Example: What is 25% of 80? 80 is the base (the whole) we are finding a percent of. The percent is 25%. The amount is
unknown.
Example: 60 is 40% of what number? The percent is 40%. The unknown is the base that we are finding a percent of. The
amount (part of the whole) is 60.
Example: What percent of 320 is 80? The base we are finding a percent of is 320. The percent is unknown. The amount is
80.

A big box electronics store makes no profit on the smart phones they sell. They do however, make 6.7% of the
price of mobile accessories (chargers, cases, screen protectors) they sell with the phone. If a person comes in
and buys a brand-new smartphone and spends $29.99 on a case and screen protector, how much does the
store make?
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12.

Fill in the blank to describe the calculations you need to solve this problem.
____________ % of ____________________ is what amount?

Solving percent problems To solve percent problems we use this relationship:
𝑝𝑒𝑟𝑐𝑒𝑛𝑡 · 𝑤ℎ𝑜𝑙𝑒 = 𝑎𝑚𝑜𝑢𝑛𝑡
or
𝑝𝑒𝑟𝑐𝑒𝑛𝑡 =

𝑎𝑚𝑜𝑢𝑛𝑡
𝑤ℎ𝑜𝑙𝑒

13.

What was the amount made by the electronic store?

14.

The electronics store made $450 yesterday in profit from sales of mobile accessories. How much did
customers spend on mobile accessories yesterday?
a.

Fill in the blank to describe the calculations you need to solve this problem.
____________ % of what amount is _____________?

b.

15.

Use the sentence above to determine the amount customers spent on mobile accessories.

If 40 customers buy a smartphone, about 17 will spend some amount of money buying accessories.
What percent of customers will buy accessories at the store?
a.

Fill in the blank to describe the calculations you need to solve this problem.
What % of ___________ is _____________?

b.

Use the sentence above to determine what percent of customers buy accessories with their
smartphone.
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16.

See if you understand these problems above. Calculate the amount asked for in the following percent
problems.
a.

An online retailer sells $15,960 in a day and makes $207.48 in profit. What percent of
their sells do they make in profit?

b.

A shirt is 40% off when it is on sale. The bottom of your receipt says you saved $8.67,
what was the original price of the shirt?

c.

Your bill for food at a restaurant was $67.85 and you need to leave an 18% tip. How much
tip do you leave?

PART 2: Home Sweet Home
17.

Is it possible to have a percent like 108%? What seems odd about this? According to US census data, if
you bought a home in California in 1990 for $195,500 could it be worth 108% in the year 2000? Find
108% of $195,500 and explain why or why not it support your idea of whether it is possible to have 108%.
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Recall from Relative Difference:
𝑷𝒆𝒓𝒄𝒆𝒏𝒕 𝑪𝒉𝒂𝒏𝒈𝒆 = N

𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆 − 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆
V × 𝟏𝟎𝟎%
𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆

If the percent change is negative, then this represent a percent decrease.
If the percent change is positive, then this represents a percent increase.

18.

In 1990 the median home price in Connecticut was $177,800, in 2000 the median home price was
$166,900. Find the percent increase or decrease and answer with a sentence.

The above formula for percent change can be algebraically rearranged to give us the following two formulas:
Percent Increase
(𝟏 + 𝒑𝒆𝒓𝒄𝒆𝒏𝒕 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆) ∙ 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 = 𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆

Percent Decrease
(𝟏 − 𝒑𝒆𝒓𝒄𝒆𝒏𝒕 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒆) ∙ 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 = 𝒏𝒆𝒘 𝒗𝒂𝒍𝒖𝒆

19.

In 1990 the median home price in Hawaii was $245,300, and by 2000 the median cost of a home had
rose 11%. Determine the median home price in 2000.
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20.

Between 1990 and 2000 the median home price in New York increased 13%. If the median home price
in New York was $148,700 in the year 2000, what was the median home price in 1990?

21.

See if you understand these problems above. Calculate the amount asked for in the following percent
problems.
a.

A department stores is offering 30% off all shoes. The sale price of your favorite running shoe is
$98.76. What was the original price of the item?

b.

If a class of 40 decreases to a class of 25, by what percent has the class decreased in size?

c.

Electric bills are expected to increase by 3% next year. If your current bill is $64 a month, how
much will you expect to pay next year?
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4.1 (Part 1): Roots & Pythagorean Theorem
Objectives
Students will understand
•
•

how roots are used to “undo” powers.
how the Pythagorean theorem is used in applications.

Students will be able to
•
•

use roots to solve power equations.
solve problems using the Pythagorean theorem.

Previously, we have explored another type of equation, a quadratic. This is a type of power equation. A power equation
has the format y = xn. We have techniques to solve problems involving linear and exponential equations. Now we want
to develop a technique for solving power equations.
We need to find a way to undo power equations, ones of the form 𝑥 " = 𝑏, where x is the input variable and n and b are
both numbers, like 𝑥 % = 9, and 𝑥 ' = 8 .
For this, we need roots. You’ve probably seen the square root, √, before. The square root is defined as the “undoing”
of squaring. For example, since 3% = 9, then √9 = 3. Because of this, we can say that:
%

√𝑥 % = 𝑥, and ,√𝑥- = 𝑥, so long as x is positive.
%

For example: √4% = √16 = 4, and ,√25- = 5% = 25.
We can then use this to solve problems like 𝑥 % = 81. But we do run into a small complication.
Using the square root on both sides, we’d get √𝑥 % = √81, so 𝑥 = 9. But notice that (−9)% = 81 as well, so our
technique of using the square root to “undo” squaring only got us one of the two answers. It is, unfortunately, common
for an algebraic technique to only give one solution. We should check to see if there are other solutions.
Solving equations like 𝒙𝟐 = 𝒃
•

There are two solutions: 𝑥 = √𝑏 and 𝑥 = −√𝑏. Sometimes you’ll see this written as 𝑥 = ±√𝑏

Example: Solve 𝑥 % = 41
The solutions will be 𝑥 = √41 and 𝑥 = −√41 . There is no whole number whose square is 41, so we either have to
leave the answer like this, or approximate the answer using a calculator, getting solutions 𝑥 ≈ 6.403 and 𝑥 ≈
−6.403. Sometimes the more precise exact answer is better. But in some real life problems, the approximation is
more useful.

In some cases it might be necessary to first isolate the 𝑥 % by adding, subtracting, multiplying, or dividing.
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Example: Solve

=>
?

−3=4

We need to isolate the 𝑥 % first:
=>

Add 3 to both sides:

?

Multiply both sides by 5:

=7

𝑥 % = 35

The solutions are 𝑥 = √35 and 𝑥 = −√35

1. Solve these equations:
a. 𝑥 % = 81

b. 3𝑥 % = 12

c. 5𝑥 % + 100 = 300

2. Recall that the formula for an area of a circle is 𝐴 = 𝜋𝑟 % . Use the technique of “undoing” the squaring to find the
radius of a circle whose area is 300 square meters.

Pierce College Math Department
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3. Let’s look at the braking distance of a car. We can model the distance a car takes to brake using the equation 𝑑 =
F>
GH.'I

where 𝑉 is the initial velocity of the car in feet per second, and 𝑑 is the braking distance in feet.

a. Suppose there is a car crash. Police can determine from skid marks that the car took 120 feet to brake.
Determine the car’s speed when it started braking. Give the speed in miles per hour.

b. In a similar crash with the same road conditions, a car took 240 feet to brake. Do you think, based on your last
answer, that the car’s initial speed was:
i. Less than double the first car’s speed
ii. Double the first car’s speed
iii. More than double the first car’s speed

c. Check if your intuition in part b was correct by calculating the speed.

Pierce College Math Department
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Right triangles are triangles where one angle is a right angle (90 degree angle), like the corner of a square. Right
triangles have a special property called the Pythagorean Theorem relating the length of the sides. If the two sides
touching the right angle (called the “legs” of the triangle) are called a and b, and the long side (called the “hypotenuse”
of the triangle) is called c, then they are related by the equation:
𝑎% + 𝑏 % = 𝑐 %
This property is commonly used in construction and other professions.

c

b

4. If the legs of a triangle have lengths 6 ft and 8 ft, find the length of the hypotenuse.

a

5. Someone wants to build a wheelchair ramp up to their front door. The ramp is 8 feet long. The side of the ramp
against the house is 2 feet above the ground. How far out from the house will the end of the ramp be? Round your
answer to two decimal places.

Pierce College Math Department
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We can also solve other power equations, like 𝑥 ' = 8 and 𝑥 G = 300, by using higher order roots. For example the cube
M

M

root, √ , “undoes” cubing: 2' = 8, so √8 = 2. In this case when we solve 𝑥 ' = 8, (−2)' = −8, so there’s only the
one solution, 𝑥 = 2. We end up getting two solutions when the power is even, and only one solution when the power is
odd.
N

N

•

When solving 𝑥 " = 𝑏 when n is even, there are two solutions: 𝑥 = √𝑏 and 𝑥 = − √𝑏

•

When solving 𝑥 " = 𝑏 when n is odd, there is one solution: 𝑥 = √𝑏

N

6. Solve these equations:
a. 𝑥 ' = 27

b. 4𝑥 ' = 56

c. 𝑥 G = 50

7. An artist is creating a sculpture using a sphere made of clay to represent Earth. The volume of a sphere is given by
G

the equation: 𝑉 = ' 𝜋𝑟 ' , where r is the radius of the sphere. The artist has a rectangular slab of clay that is 4 inches
wide, 6 inches long, and 2 inches high. What is the radius of the largest sphere the artist can create with this clay?

2 in
4 in
6 in

Pierce College Math Department

4-1 (Part 2) Graphing Quadratics, Interpreting Parabolas
Objectives
Students will be able to:
• Find the vertex and y-intercept of a parabola
• Graph a parabola
• Use quadratic models to analyze problem situations.

Part 1: Exploring Quadratics
Most of the functions we’ve seen so far have been linear. That is, their graphs form a line. However, not every
function will form a line. Let’s explore a new type of function called a quadratic. In your prep assignment, you
saw that a quadratic function has a new term that includes an 𝒙𝟐 . Consider the following quadratic function
𝒚 = 𝒙𝟐 − 𝟏
a) Fill in the table below by substituting the x-values into the equation, then graph the points onto the
coordinate plane.
Table
X

Graph
Y

-2
-1
0
1
2

b) Describe what you see in the graph. How would you describe the shape? Where is the lowest point on the
graph? Are there any x or y-intercepts?
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Part 2: Graphing Addiction
Introduction1
Prescriptions to highly addictive drugs are on the rise in the U.S.2 This increase has
led to a drastic increase in deaths due to opioids.3 It also leads to more and more
people being admitted for medical treatment due to addiction to opioids.
(1)

How many Americans, per 1,000,000, do you think were admitted for
medical treatment due to opioid addiction in 2010? Take a guess.

Data from National Vital Statistics4 can be used to find a model for the number of Americans admitted for
medical treatment due to opioid addiction. One model is:
𝑦 = 0.25𝑥 - + 1.75𝑥 + 11
where x is the number of years since 2000 and y is the rate of admissions per 1,000,000 people.
Using Desmos we created the following graph:

1

science/

Image from http://www.addictioncampuses.com/resources/addiction-campuses-blog/connecticut-battles-opiate-addiction-with-

2

https://www.drugabuse.gov

3

http://www.cdc.gov/drugoverdose/

4

http://www.cdc.gov/nchs/nvss/
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(2)

Answer the following using that this model:
A.

Recall from the Prep Assignment that a quadratic has the general form
𝑦 = 𝑎𝑥 - + 𝑏𝑥 + 𝑐. For the opioid model in part 1, what are the values of a, b, and c?

B.

From the graph, find the y-intercept.

C.

Interpret the meaning of the y-intercept.

D.

Use the opioid model graph to estimate the rate of admission in the year 2010. Write your
answer as a number of people out of 1,000,000 and compare it to your prediction in #1. Plot
that point on the graph on the previous page.

E.

In what year does it look like opioid admissions will reach 60 people per 1,000,000?

F.

You’ll notice the model doesn’t show the whole shape of the parabola, and only displays the
right side of the curve. Why do you think the left side was omitted?

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
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Skills
Example
Consider the quadratic equation: 𝑦 = 𝑥 - + 6𝑥 − 16 .
The graph of this equation with all of the points/features listed above looks like this:

The important points are:
• Vertex at (-3,-25)
• x-intercepts at (-8,0) and (2,0)
• y-intercept at (0,-16)
This parabola is said to open upwards, with a minimum value at the vertex. However, some parabolas open
downward and have a maximum value at the vertex, as we will see in a moment.
To graph a parabola, we will follow these steps:
1. Find the vertex of the parabola.
• Find the x-coordinate using the formula 𝑥 =
2.
3.
4.
5.

67
-8

• Find the y-coordinate by substituting the x-coordinate into the equation
Determine if the parabola opens up or opens down.
Find the y-intercept of the parabola.
Use symmetry to find the point that is the mirror image of the y-intercept.
Plot all points and then sketch the graph, making sure the vertex is not "sharp" and the graph is
symmetrical.

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
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Example
Graph the parabola 𝑦 = 2𝑥 - + 8𝑥 − 24
1.) Find the vertex
Since 𝑎 = 2, 𝑏 = 8, 𝑐 = −24 we have
𝑥=

−𝑏
−(8)
−8
=
=
= −2
2𝑎
2(2)
4

So the x coordinate of the vertex is 𝑥 = −2.
Find the y-coordinate by substituting 𝑥 = −2 into the equation:
𝑦 = 2(−2)- + 8(−2) − 24
Follow the order of operations, exponents, then multiplication, then addition/subtraction:
𝑦 = 2(4) + 8(−2) − 24
𝑦 = 8 − 16 − 24
𝑦 = −32
So the vertex is at (−2,−32) .
2.) Determine if the parabola opens up or down:
For 𝑦 = 2𝑥- + 8𝑥 − 24 , 𝑎 = 2 > 0. This tells us the parabola opens up.
3.) Find the y-intercept:
The y-intercept is the point (0,c) . For 𝑦 = 2𝑥 - + 8𝑥 − 24 , 𝑐 = −24 , so the y-intercept is (0,−24) . We plot
that as well.
4.) Use symmetry to find another point:
If we draw the axis of symmetry, we notice that the y-intercept is two units to the right of the axis. So the
point (0,-24) will have a mirror image point two units to the left of the axis. That is the point (-4,-24). We plot
that point as well.
5.) Connect all of the points with a smooth curve.
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Applications
Maximizing Profits
An airline charter company is trying to maximize its profits. Tickets are normally around $800, but the
company reduces the fare by about $10 per ticket for each additional person in the group. The plane has a
total of 90 seats, including 5 for required pilots and crew. The company has used all of this information to
create the following model for their profit:
𝑝 = −10𝑛- + 880𝑛 − 2000
where n is the number of people in the group (not including the pilots or crew), and p is the total profit for
that trip, in dollars.
(3)
A.

Draw a graph of this model. Use the process you saw in the Prep Assignment and practiced in the
previous problem. Show all steps and work in your notes for studying later.
18000
16000
14000
12000

p (Profit, $)

10000
8000
6000
4000
2000
0
0

20

40

60

80

100

-2000
-4000

B.

n (Size of charter group)
If the company wanted to maximize profits for a trip, approximately what size group should the
company target for that trip? How much is the maximum profit?
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Just How High Can You Go?
Physics rules most of the world around us: It governs our ability to walk (gravity), helps us construct multistory skyscrapers, and gives us the ability to fly in planes, among many other things. A common application
from physics tells us what happens to an object when you throw an object straight up in the air and then let it
fall to the ground. The general formula is:
ℎ = −16𝑡 - + 𝑣𝑡 + 𝑏
where:
h = the height (feet) of the object at a given time.
t = the amount of time (seconds) since the object was thrown
v = the initial velocity (feet per second) the object was thrown
b = the beginning height (feet) from which the object was thrown

(4)

Read the information above and then answer the following:
A.

Find the simplified equation for the situation when an object is thrown from a beginning height
of 80 feet off the ground at an initial velocity of 64 feet per second. Write your equation.

B.

Graph your equation on Desmos and include the important points. Sketch a graph of the model
on the next page. Only draw the part of the graph that makes sense.

C.

What is the maximum height the object will reach? Verify this with both the graph and the
simplified equation.

D.

Use the Desmos graph to determine when the object is 10 feet above the ground.

E.

Use the Desmos graph to determine when the object hits the ground.
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160

140

120

h (height, feet)

100

80

60

40

20

0
-1

0
-20

1

2

3

4

5

t (time, seconds)
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6

4-2 Factoring and Parabola Function
Objectives
The student will be able to
• Factor a trinomial.
• Identify key parts of a parabola.
• Solve equations involving quadratic functions by factoring.

Part 1: Factoring trinomial
Factoring polynomials is the opposite of multiplying polynomials together. Some of the benefits of a
polynomial being factored are solving equations, finding x-intercepts of function, zeros of the function, and
learn the behaviors of the graph.
Factoring

ax 2 + bx + c :

Step 1: Factor out the Greatest Common Factor
Step 2: find a =___,

b = ___, c = _

Step 3: find ___* ___= ac

_.

and ___ + ___ = b.

Example 1: Factor the following
a)

𝑥 # + 2𝑥 − 24

b)

𝑡 # − 9𝑡 + 14

c)

3𝑡 # − 24𝑡 + 45
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Question 1: Factor the following
a)

𝑥 # − 4𝑥 + 3

c)

ℎ# − 7ℎ − 18

b)

d)
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𝑠 # − 8𝑠 − 20

5𝑛# − 45𝑛 + 40

Definition: Function A function is a relationship where every input has exactly one output.
Notation: 𝑓(𝑥) can be read as “f of x” It means the relationship’s “name” is f and the input is x.

Part 2: Finding Parabola function
Example 2: Given a polynomial f(x) = (x + 2)(x – 7). Find:
a.) f(7)

b.) f(-2)

Question 2: Given a polynomial R(x) = (x + 7)(x – 1). Find:
a.) R(-1)

b.) R(1)

c.) Is x =1 and/or x = -1 a zero of R(x)?

Definitions:
A "zero" of a function is an input value that produces an output of zero (0).
A root of a polynomial is a zero of the corresponding polynomial function.

𝑓(𝑥) = 𝑥 # − 5𝑥 + 6 = (𝑥 − 2)(𝑥 − 3)
has the two roots 2 and 3, since

Its zeroes are the x-coordinates of the points where its graph meets the x-axis. Thus the point (x,0) is
an x-intercept of the graph.
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Example 3: Let 𝒇(𝒙) = 𝒙𝟐 + 𝟑𝒙 − 𝟒
a.) List all the factors of f(x).

b.) Use technology to sketch a graph of f(x).

c.) List all the zeros of f(x).

d.) List all the x-intercepts of the graph.

e.) What do you notice about the relationship between the graph, the roots, and the factors?

Example 4: Given the table and graph.

a) List all the factors of f(x).

b) List all the zeros of f(x).

c) List all the x-intercepts of the graph.
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Question 3: f(x) is graphed to the right
a.) List all the zeros of f(x).

b.) List all the factors of f(x).

c.) List all the x-intercepts of the graph.

d.) Write the function in factor form f(x) = a(x – m)(x – n).

Question 4: Given table.
a) List all the factors of f(x).

b) List all the zeros of f(x).

c) List all the x-intercepts of the graph.

d) Write the function in factor form f(x) = a(x – m)(x – n).

e) Use another point from the table to check your function.

Question 5: Given the table.
a) List all the zeros of g(x).

b) Write the function in factor form g(x) = a(x – m)(x – n).

c) Use another point from the table to check your function.
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X
-4
-3
-2
0

𝑔(𝑥)
-4
0
0
-12

Part 3: Application
Question 6:
A local movie theater charge $12 for admission, and sales 500 tickets on an average night. They noticed that
for each additional $1 they increase in the admission price; they’ll lose an average of 25 on customers.
a.) Write an expression that describes the price of a ticket if the theatres raise the price by 𝑥 dollars.

b.) Write an expression that models the number of tickets sold on an average night if they raise the price
by 𝑥 dollars.

c.) Write a ticket revenue function, 𝑅(𝑥), where Revenue=𝑅(𝑥)=(price of ticket)(number of tickets sold), if
they raise the current admission price by 𝑥 dollars.

d.) Find R(0) and interpret its meaning.

e.) Find the x-intercepts of the Revenue function and interpret its meaning.

f.) Since we know the parabolas are symmetric, the highest/lowest point on the graph is halfway between
the intercepts, which also known as the vertex of the parabola. Use that fact to find the vertex of your
function and interpret its meaning in the context of the word problem.

164

4-3 Quadratic Formula (Civic Life, Health, Finance)
Objectives
Students will be able to
• Use the quadratic formula
• Interpret results from the quadratic formula

Introduction
Question 1: When can we use Quadratic Formula?

Example 1: Solve
a.) 𝒙𝟐 − 𝟐𝒙 − 𝟏𝟓 = 𝟎

b.) 𝒙𝟐 + 𝟗𝒙 − 𝟑𝟎 = 𝟎

c.) −𝟐𝒙𝟐 + 𝟑𝒙 = −𝟔
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Question 2: Solve
a.) 𝟐𝒙𝟐 − 𝟑𝒙 − 𝟏 = 𝟎

If we have the equation of the parabola, 𝑦 = 𝑎𝑥 / + 𝑏𝑥 + 𝑐 , we can find the x-intercepts by setting y = 0 and
then solving for the two values of x using the Quadratic Formula.
Example 2: Find the x-intercept(s) of the parabola:
a.) 𝒚 = 𝒙𝟐 − 𝟐𝒙 − 𝟏𝟓

b.) 𝒚 = −𝒙𝟐 − 𝟒𝒙 + 𝟕

Question 3: Find the x-intercept(s) of the parabola:
a.) 𝒚 = −𝒙𝟐 + 𝟔𝒙 + 𝟕

b.) 𝒚 = 𝒙𝟐 + 𝟑𝒙 − 𝟖

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department; Revised by the Seattle Central College Math Department Licensed CC-BY-SA-NC.
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PART 1: Student Debt Percentages
A model for the percentage of U.S. households with outstanding student debt is given by the equation:
𝑝 = 0.058𝑡 / − 0.97𝑡 + 15.4
where the percentage, p, of homes with outstanding student debt, is calculated using t, the number of years
since 1990. (Notice that when t=0, p=15.4, which means 15.4%. p is not .154!)

1)

What was the approximate percentage of homes with outstanding student debt in 2010?

2)

Interpret the point (40, 70) in words.

3)

Was the percentage of homes with outstanding student debt increasing or decreasing in 2010?

4)

Use the quadratic formula to determine when the percentage of households with outstanding student
debt reached (or is projected to exceed) 30%. (Note: This problem defines p to be a percentage, not a
decimal. Do not covert values of p to decimals.)

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department; Revised by the Seattle Central College Math Department Licensed CC-BY-SA-NC.
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PART 2: Opioid Treatment
A model gives the relationship between time and the rate of admission for medical treatment for opioids
addiction (per 1,000,000 people). The equation for this model is:
𝑟 = 0.25𝑡 / + 1.75𝑡 + 11
where t is the number of years since 2000 and r is the rate of admissions per 1,000,000 people.

1)

Use Desmos to determine the year in which the rate of admissions reached (or will reach) 100 people
per 1,000,000.

2)

How many answers did you get to #1? Do they both make sense? Why or why not?

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department; Revised by the Seattle Central College Math Department Licensed CC-BY-SA-NC.
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PART 3: The Airline Charter Profits (See Graph at the end of this lesson.)
In a previous lesson, we saw a model for an airplane charter company that gave the profits, P, based on the
number, n, of people in a charter group. The equation was:
𝑝 = −10𝑛/ + 880𝑛 − 2000

1.

Use Desmos to determine when the profits would be $0.

2.

The company always tries to make at least $10,000 in profit. Use the quadratic formula to determine
what size(s) of groups would help them reach that goal. Hint: First look at Graph 2 to estimate what the
answer should be!

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department; Revised by the Seattle Central College Math Department Licensed CC-BY-SA-NC.
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PART 4: The Computer Age
3) The National Center for Education Statistics1 did a study to explore who uses computers in the
workplace. After analyzing data, they found a model that approximates the percentage of workers who
regularly use computers on the job as a function of worker age (in years). The model was:
𝑃 = −0.05𝑥 / + 4.1𝑥 − 28
where x is the age (years) of a worker, and P is the percentage of all workers of that age (x) who
regularly use computers as part of their job.
A.

In the Prep Assignment you found the vertex, y-intercept, and the x-intercepts of this parabola.
Graph them on the grid below. Use them to sketch the parabola.

P (Percenatage who use computers)

60
50
40
30
20
10
0
-10

1

20

40

60

80

100

-20
-30

B.

0

x (Age of worker, years)

In the Prep assignment, you also found the percentage of 50-year olds who use computers. Plot
that point on the graph and then use it to identify its symmetric point. What is that point as an
ordered pair (x, P)?

https://nces.ed.gov/

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
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C.

Draw the line y = 40 on the graph. Then use the Quadratic formula to find when that line
intersects the parabola.

D.

What do your solutions in part [C] mean in context?

E.

Describe the ages for which more than half of workers of those age(s) regularly use computers
on the job. Use the Quadratic formula to find your answer. Hint: Look at the graph to first
estimate what the answer should be!

The Carnegie Foundation for the Advancement of Teaching and The Charles A. Dana Center at the University of Texas at Austin
Revised by the Pierce College Math Department; Revised by the Seattle Central College Math Department Licensed CC-BY-SA-NC.
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4-4 Profit, Revenue, and Cost Lesson
Objectives
Students will be able to
•
•
•
•

Simplifying polynomial expressions by combining like terms and distribution
Evaluating an expression given values for the variables
Use dimensional analysis to determine the factors in a series of operations to obtain
solutions.
Solve a complex problem with multiple pieces of information and steps.

Introduction
In mathematics, a polynomial is an expression consisting of variables (or indeterminates) and coefficients, that
involves only the operations of addition, subtraction, multiplication, and non-negative integer exponents. An example
of a polynomial of a single indeterminate x is x2 − 4x + 7. An example in three variables is x3 + 2xyz2 − yz + 1.

1. Simplify each expression.
a) (2𝑥 $ + 5𝑥 − 7) + (𝑥 $ − 4𝑥 + 9)

b) (6𝑥 $ − 2𝑥 + 3) + 2(5𝑥 $ + 4𝑥 − 8)

c) (3𝑥 $ + 8𝑥 + 5) − (𝑥 $ − 2𝑥 + 6)

d) 4(2𝑥 $ − 5𝑥 + 10) − 3(𝑥 $ + 7𝑥 − 2)
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APPLICATIONS: Cost of operating a business
2. You decide to begin selling light sabers at the local park-and-swap. Your cost for each light
saber is $2.00 plus you have to pay a fixed weekly fee of $230 for the booth. Your plan is to
sell each light saber for $2.50.
a) Write a function, C(n), to represent your total costs for the week if you sell n light sabers.

b) Write a function, R(n), to represent the revenue from the sale of n light sabers during the
week.

c) Write a function, P(n), that represents the profits for selling n light sabers in a given week.

3. You decide to begin selling bottles of water at the local park. Your cost for each bottle of
water is $1.17 plus you have to pay a fixed weekly fee of $240 for the booth. Your plan is to
sell each bottle of water for $3.26.
a) Write a function, C(n), to represent your total costs for the week if you sell n bottles of
water.
C(n)=
b) Write a function, R(n), to represent the revenue from the sale of n bottles of water during
the week.
R(n)=
c) Write a function, P(n), that represents the profits for selling n bottles of water in a given
week.
P(n)=
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d) Determine the total cost for the week if you sell 370 items?

My cost for selling 370 bottles of water is _______________dollars.
e) Determine the total revenue for the week if you sell 370 items?

My revenue from selling 370 bottles of water is _______________ dollars.
f) Determine the total profit for the week if you sell 370 items?

My profit for selling 370 bottles of water is ________________dollars.
4. You decide to begin selling caramel apples at the local fair. Your cost for each caramel
apple is $1.58 plus you have to pay a fixed weekly fee of $200 for the booth. Your plan is to
sell each caramel apple for $3.60.

a) Write a function, C(n), to represent your total costs for the week if you sell n caramel apples

b) Write a function, R(n), to represent the revenue from the sale of n caramel apples during the
week.
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c) Write a function, P(n), that represents the profits for selling n caramel apples in a given
week.

d) Determine the total cost for the week if you sell 430 items? Write your answer in a complete
sentence.

e) Determine the total revenue for the week if you sell 430 items? Write your answer in a
complete sentence.

f) Determine the total profit for the week if you sell 430 items? Write your answer in a
complete sentence.

5. A dress store owner notice that when a dress sells for $28, they sell 390 dresses per week.
However, if the price is $37, they sell only 345 dresses.
Let x = the number of dresses sold
Let p = the price of dresses
a) Using the information above give the coordinates of two points in (x, p), where the price at
which the owner sets each dress, p, depends on the number of dresses he wishes to sell.
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b) Suppose that the relationship between price and sales is linear.
Write the linear equation p = mx + b using this information.

c) Revenue = (number of unit sold) X (sale price). Write the revenue function for the dress
store.
R(x) =
d) To operate the dress store, it cost the owner $10 per dress and the fixed costs of renting
the store space is $725. Write the cost function for the dress store.
C(x) =
e) Write the profit function for the dress store.
P(x) =
f) Using your profit function, what is the profit when selling 225 dresses? Write your answer
in a complete sentence.

g) What is the profit when selling 250 dresses? Write your answer in a complete sentence.
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h) What is the dress store’s profit if they don’t sell any dress for an entire week? Write your
answer in a complete sentence.

i)

6.

What is the store’s maximum profit and how many dress would be sold?

A company produces very unusual CD's for which the variable cost is $ 19 per CD and the
fixed costs are $ 50000. They will sell the CD's for $ 57 each.
Let n be the number of CD's produced

a) Write the cost C(n) as a function of the number of CD's produced.

b) Write the revenue R(n) as a function of the number of CD's produced.

c) Write the profit P(n) as a function of the number of CD's produced.

d) Find the minimum number of CD's which must be produced to not lose money (i.e. break
even or make a profit). If needed round up to the nearest CD. Answer in a complete
sentence.

Questions # 9,10, 13 author: Nearing, Daniel, mb Meacham, Willam.
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4-5 Simple & Compound Interest
Objectives
Students will be able to
• calculate the earnings on a principal investment with simple and compound interest.
• write a formula for annual compound interest.
• compare and contrast linear and exponential models.

Introduction
Certificates of Deposit
A Certificate of Deposit (CD) is a type of investment used by many people because it is very safe and predictable. CDs
can be purchased through banks and other financial institutions. The U.S. Security and Exchange Commission gives the
following information about CDs.1
The ABCs of CDs
A CD is a special type of deposit account with a bank or thrift institution that typically offers a higher rate of
interest than a regular savings account. Unlike other investments, CDs feature federal deposit insurance up
to $250,000.
When you purchase a CD, you invest a fixed sum of money for fixed period of time—six months, one year,
five years, or more—and, in exchange, the issuing bank pays you interest, typically at regular intervals.
When you cash in or redeem your CD, you receive the money you originally invested, plus any accrued
interest. If you redeem your CD before it matures, you may have to pay an “early withdrawal” penalty or
forfeit a portion of the interest you earned …
In this course, you will only be looking at situations in which the CD has a fixed interest rate. The period of time that you
agree to leave your money in the CD is called the term. Terms can range from 3 months to multiple years. Some CDs
require a minimum deposit, but others do not. The deposit, or amount you put into the CD, is called the principal.
Here is an example:
You invest $100 in a CD that earns 5% interest. At the end of the term of 1 year, you earn 5% of $100 or $5.
Thus, you now have a future value of $100 + $5 = $105. The principal was $100. The interest earned was $5.

Simple interest is earned and paid into an account at the END of a pre-determined time period.
•
•
•
•

I is the interest earned, in dollars
P is the principal (or present value) that was invested, in dollars
r is the interest rate (in decimal form)
t it the amount of time the principle is invested, in years

interest = principal · interest rate · year
𝐼 = 𝑃𝑟t

1

Retrieved from www.sec.gov/investor/pubs/certific.htm
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Future Value of Simple Interest (A) = Initial present value of the account + Interest Earned,
A=P+I
If we substitute I = Prt into the equation, we get:
A = P + Prt
Factoring out the variable, P, this can also be written as:
A = P(1 + rt)

Problem Situation 1: The Five-year CD
Suppose you invest $1,000 principal into a certificate of deposit (CD) with a five-year term that pays a 2% simple
interest.
1) How much money will you have in your account after one year? Remember to write the interest rate in decimal
form.

2) How much money will you have in your account at the end of the five-year term? (Be ready to explain your
calculations.) Write above the dotted line for now.
Term

Calculation

1 year

2 years

3 years

4 years

5 years
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Account Balance

3) Find the total amount accrued (account balance) in a CD after t years, if the principal = $1,000 and the interest
rate = 2%. Fill out the following table.
Term

Calculation

Account Balance

20 years
40 years
60 years
80 years
100 years

4) Plot your results from Question 3. Label the vertical axis appropriately.

0

10 20 30 40 50 60 70 80 90 100

5) Is your formula from Question 4 linear? Explain your reasoning.

6) Write a general formula that could be used to find the account balance (A) for a CD. Let P = the principal, r = the
interest rate as a decimal, and t = number of years.

7) $3,000 is invested for 4 years at 5%, simple interest. How much interest is earned and how much is in
the account at the end of the 4 years?
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8) Find the interest owed if $860 is borrowed at 4% for 7 years.

9) If you invest $8000 in an account for 10 years and it earns 6.5% simple interest, what is the interest
earned and what is the total in the account after 10 years?

10) Samantha invests $14,000 at 9% simple interest for 9 year. How much is in the account at the end of
the 9 years period?

11) What is the simple interest rate on a $1150 investment paying $563.73 interest in 9 years?

Problem Situation 2: The Value of a CD
In the last problem, the CD was simple interest. In this problem, we will extend that for compounding periods of various
durations.

Compound interest is earned and paid into an account at regular intervals throughout a time period. Typically,
it's paid monthly, or 12 times a year. Sometimes it's paid quarterly (4 times a year) and sometimes it's paid
annually (1 time a year). However, unlike simple interest, the account earns interest not only on the original
investment, but also on any previous interest that has already been earned. So, interest is earned on
interest...so we say that interest "compounds" on itself, which explains where the name "compound" comes
from.
Following are some common compounding periods:
•
•
•

•
•
•

Quarterly (4 times a year)
Monthly (12 times a year)
Daily (365 times a year)
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Annually (1 time a year)
Weekly (52 times a year)
Semiannually (2 times a year)

Suppose you invest $1,000 principal in a two-year CD, advertised with an interest rate of 2.4%, where compounding
occurs monthly.
12) If the APR is 2.4% per year, how much is it per month? Use your answer to complete the following table. Record
how you found the results in the middle column.
•
•
•
•

Principal = $1,000
rate = 2.4%
Term = two years
Compounding period = one month

Period
1 month

Calculation
1000 (1 + 0.024 -

Account Balance

1
./ = 1002
12

$1002

Note: 1/12 is the time since 1 month = 1/12 year.

2 months

1000 -1 +

0.024
0.024
0.024 0
. -1 +
. = 1000 -1 +
. = 1004.004
12
12
12

$1004

Note: 0.024/12 = 0.024(1/12)

3 months

6 months

12 months

24 months

13) Write a general formula that can be used to calculate the value of any CD. Define your variables.

182

14) Compare the return on a CD with annual compounding that pays 2% interest to one that pays 4% interest. Are
the returns doubled in year one? Does the comparison vary in later years? Explain how you came to your
conclusions.
Years

2% annual compound

4% annual compound

1
5
10
15
20

15) You invest $100 at 5% interest compounded annually. What is the account balance after 3 years?
After 10 years?

16) Find the final amount of money in an account if $5,100 is deposited at 7.5% interest compounded
quarterly (4 times per year) and the money is left for 55 years. Round your answer to 2 decimal places.

17) Find how much money needs to be deposited now into an account to obtain $700 (Future Value) in 13
years if the interest rate is 4% per year compounded semi-annually (2 times per year). Round your
answer to 2 decimal places.
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18) If $30,000 is invested in an account for 20 years. Calculate the total interest earned at the end of 20
years if the interest is:
(a) 6% simple interest:

(b) 6% compounded annually:

(c) 6% compounded quarterly:

(d) 6% compounded monthly:

Note:
In simple interest, the total interest is calculated from the original principal. In compound interest, the interest is
added to the principal after a set period of time. Then interest for the next period of time is calculated based on the
new, higher balance in the account.
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4-6 Exponential Functions
Introduction
In the previous lesson, you worked with simple interest and compound interest.
1)

What is the ONE key difference between simple interest and compound interest?

Lesson Objectives
Students will be able to:
A. Calculate the earnings on a principal
investment with annual compound interest.
B. Write a formula for annual compound interest.
C. Create a formula for exponential growth
D. Compare and contrast linear and exponential models.
E. Write an exponential model.
F. Use an exponential decay model to make predictions in real-world problem situations.

PART 1: The Five-Year CD
Suppose you invest $1,000 principal into a certificate of deposit (CD) with a five-year term that pays a 2%
interest. The compounding period is one year.
2)

How much money will you have in the account at the end of one year? Two years? What about 3 and 4
years?
Term

Calculation

Account Balance

1 Year
2 Years
3 Years
4 years
3)

Using patterns from the table, develop a formula for the total amount accrued (account balance) in a
CD with annual compounding after t years, if the principal = $1,000 and the interest rate =2%.
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4)

Use the formula you developed in #3 to fill in the
following table. Round to the nearest dollar.

Term

Account
Balance

0 years
20 years
40 years
60 years

5)

Plot your results from #4. Label the vertical axis appropriately. Choose your scale so your graph fills
most of the space.

0
6)

10

20

30

40

50

60

70

80

How would your formula change if you were depositing $2,000 at a rate of 2.0%? Write your new
formula. How do you think the graph of the new formula would be different? DON’T GRAPH IT! Just
make a reasonable guess.

2
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7)

How would your formula change if you were depositing the original $1,000 but you double the rate to
4.0%? Write your new formula. How do you think the graph of the new formula would be different?
DON’T GRAPH IT! Just make a reasonable guess.

8)

How does the CD growth differ from linear growth? Give at least two examples.

PART 2: A Spreading Disease
During 2014, there was an Ebola breakout in West Africa. On April 1, 2014, there were 130 cases reported. A
month later there were 234 cases reported.

9)

Find the relative change between the two reported values.

10)

The relative change you just found is the percent increase, or percent growth rate. Use it to find a
formula for an exponential model based on the data given. Use that model to predict the number of
cases after 6 months. Let C represent the number of cases after t months.

3
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11)

Now assume the outbreak is growing linearly. Find a formula for a linear model based on the data
given. Use that model to predict the number of cases after 6 months. Let C represent the number of
cases after t months.

12)

What does each model predict the number of cases to be after 2 years (24 months)?

13)

Which model is more likely to be accurate? Explain your reasoning. What are the limitations of the
models?

PART 3: World Population Growth
Table 1 gives the world population in the year’s 2010 and 2011.1
Table 1: World Population
Year
World Population in
Billions
2010
6.914
2011
6.998
2012
2013

1

http://www.geohive.com/earth/his_history3.aspx
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14)

Find the relative change in population growth between 2010 and 2011.

15)

Given world population continues to grow at the same relative change as it did between 2010 and
2011, fill in the table for years 2012 and 2013.

16)

Create an equation that models this table. Use t for the years after 2010 and P for the world
population in billions.

17)

Use your equation to determine what the world population is in 2016 and 2100.

Growth v. Decay
Previously, we saw exponential growth equations that looked like 𝒚 = 𝒂 ∙ 𝒃𝒙
The base we used typically looked like (1+r) where r was some percentage growth. For example, if a quantity
grows by 5% each year, then we could write b as 1.05 or b = 1.05. The equation would look like
𝒚 = 𝒂 ∙ (𝟏. 𝟎𝟓)𝒙 .
5
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Notice a pattern:
Percent Rate of Growth

Form of Equation

1%

𝒚 = 𝒂 ∙ (𝟏. 𝟎𝟏)𝒙

2%

𝒚 = 𝒂 ∙ (𝟏. 𝟎𝟐)𝒙

5%

𝒚 = 𝒂 ∙ (𝟏. 𝟎𝟓)𝒙

10%

𝒚 = 𝒂 ∙ (𝟏. 𝟏)𝒙

50%

𝒚 = 𝒂 ∙ (𝟏. 𝟓)𝒙

100%

𝒚 = 𝒂 ∙ (𝟐)𝒙

You can see here that when a quantity grows, the base b ends up being more than 1. That is, b>1. This is
consistent with the fact that when you multiply any quantity by a number that is larger than 1, that quantity
grows.

On the other hand, if a quantity decreases by a percent, the base b ends up being smaller than 1. That is, b <
1. The base we used typically looked like (1 – r) where r was some percentage decay. For example, If a
quantity decreases by 5% each year, then we could write b as 0.95 or b = 0.95. The equation would look like
𝒚 = 𝒂 ∙ (𝟎. 𝟗𝟓)𝒙 .
Notice a pattern:
Percent Rate of Decay

Form of Equation

1%

𝒚 = 𝒂 ∙ (𝟎. 𝟗𝟗)𝒙

4%

𝒚 = 𝒂 ∙ (𝟎. 𝟗𝟔)𝒙

5%

𝒚 = 𝒂 ∙ (𝟎. 𝟗𝟓)𝒙

15%

𝒚 = 𝒂 ∙ (𝟎. 𝟖𝟓)𝒙

30%

𝒚 = 𝒂 ∙ (𝟎. 𝟔𝟓)𝒙

50%

𝒚 = 𝒂 ∙ (𝟎. 𝟓)𝒙
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18)

Graph the function:
a.) 𝑦 = 24

6 4

b.) 𝑦 = 578
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Part 4: Exponential Decay – Going Down Hill
Depreciation is the process of losing value over
time. For example, new cars can lose between 15%
and 20% of their value for the first few years after
purchase.

Value of Car ($)

c.)

Depreciation of 2016 Prius V

What is the y-intercept of this graph and
what does it represent?

$30,000
$25,000
$20,000
$15,000
$10,000
$5,000
$0

5

10
15
20
Age of Car (yrs)

25

d.)

The cost of a new 2016 Prius V starts at $27,000. Assume you buy a new car for $27,000. Your car’s
value depreciates at a rate of 15% per year. What is the value of your car after 1 year? HINT: If it car
depreciates by 15% per year, what is the value of b? You did this in the Prep Assignment and in the
lessons about decreasing risk.

e.)

Create an exponential formula that gives the value, W, of the car, t years after purchase. Use the
formula to find the value of the car after 10 years. Does that amount seem reasonable?

f.)

Your friend comes into a large inheritance and she decides to buy a more expensive BMW. Her BMW
costs $45,000 and depreciates at 20% per year. Whose car is worth more after 10 years, and by how
much?

8
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g.)

What is one similarity and one difference when comparing the equations of compound interest from
Lesson 4.5 and the depreciation of a car in this lesson?

h.)

What is one difference when comparing the graphs of compound interest from Question # 5 and the
depreciation of a car in Question # 18?

9
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PART 5: Pain Management
Morphine is a powerful opiate used to manage chronic or severe pain. After the patient’s initial dose, the
morphine starts leaving the patient’s system at a rate of 16% each hour.
i.)

Consider a cancer patient who is taking 90 mg of morphine. Create an exponential decay formula and
then use it to complete Table 1. The table gives the amount of morphine, M, remaining in the body t
hours after taking an initial dose. Round your values to the nearest tenth.
Time after dose (hours)
0
2
8
24

Table 1
Morphine Remaining in the System (mg)
90

j.)

Write a sentence using the Writing Principles comparing the amount of morphine remaining in the
body after 24 hours to the patient’s initial dose.

k.)

The amount of a drug remaining in a patient’s system and the value of a car over time are examples of
exponential decay. Give one other example from your own life experience where a quantity decays
exponentially. Explain why you think it is an example of exponential decay (as opposed to a linear
decrease).

10
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PART 6: Further Applications
27)

There are two midsize towns. One town, Town A, currently has a population of 600,000
residents is growing at a rate of 6.5% per year. The second town, Town B, also has a current
population of 600,000, but its population is decreasing at a rate of 6.5% per year.
a) Let t be the number of years since the present time and let p be the population of the town. Write
the equations for the population of each town.

b) Determine the population of each town 10 years from now.

28)

Identify each of the two towns with labels on the graph below. Use the graph answer the following:

c) Estimate how long will it take Town A to have twice as many residents as it has now.

d) Estimate how long will it take Town B to have half as many people as they have now.

11
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4-7 Shake, Rattle, and Roll (Risk, Health)
Objectives
Students will be able to
• Convert between LOG form and exponential form
• Compute simple logarithms without a calculator
• Compute complicated logarithms with a calculator
• Apply logarithms to problem situations.
• Solve exponential equations with LOGS

Introduction
The earth has about 7.5 billion people. When do you think the world’s population will reach 10 billion people
(when many scientist believe we will no longer have enough resources to support the world’s population)?

PART 1: Basics
Let’s start with some basic practice. You may want to refer to your Prep Assignment notes for the definition of
a logarithm.
1)

2)

Write in exponential form:
A)

𝐿𝑂𝐺$ (81) = 4

C)

Use your calculator to verify the LOG statement in Parts A and B.

B)

𝐿𝑂𝐺+ (0.04) = −2

Write in LOG form:
A)

2+ = 32

B)

4$.+ = 128
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3)

4)

Find the following logarithms WITHOUT USING A CALCULATOR:
A)

𝐿𝑂𝐺1 (64)

B)

𝐿𝑂𝐺34 (0.00000001)

C)

𝐿𝑂𝐺$5 (6)

Compute the following with your calculator. Round to three decimal places.
A)

𝐿𝑂𝐺(65000)

B)

𝐿𝑂𝐺34 (0.00000001)

5)

Explain why LOG(3500) is between 3 and 4.

6)

Is the following logarithm statement true or false? How do you know for sure?
𝑙𝑜𝑔$ 2817 = 7
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PART 2: Applications of LOGs
7)

Here in the Pacific Northwest, we are subject to earthquakes. Seismologists (scientists who study
earthquakes), sometimes use logarithms to measure the energy released during an earthquake. The
Richter number, R, of an earthquake, is given by the formula:
𝑅 = 𝐿𝑂𝐺

𝐴
𝐴4

where A is the amplitude of a seismic wave, and Ao, called a reference amplitude, is the smallest wave
that can be detected.

A.

In 1906, the big earthquake in San Francisco had an amplitude that was 2 × 10? times larger
than the reference amplitude. What was the Richter number of the San Francisco earthquake?
Round to the nearest tenth.

B.

In 2002, Seattle had an earthquake (the “Nisqually Quake”) that had an amplitude that was
6.31 × 105 times larger than the reference amplitude. What was the Richter number of the
Nisqually earthquake?

C.

The ratio of one (stronger) earthquake’s amplitude to another (smaller) earthquake’s
amplitude tells you how many times greater one was compared to the other. How many times
greater was the 1906 San Francisco earthquake compared to the 2002 Seattle earthquake?
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8)

The acidity or alkalinity of a solution is measured on a pH scale. The pH of a solution is given by the
formula:
𝑝𝐻 = −𝐿𝑂𝐺(𝐻B )
where H+ is the hydrogen ion concentration, measured in “moles per liter.” If a solution has a pH less
than 7 it is called “acidic.” If a solution has a pH more than 7, it is called “alkaline.” For each of the
following, determine if the following are acidic or alkaline:

A.

Orange juice: Hydrogen Ion Concentration = 6.2 × 10C1

B.

Human blood: Hydrogen Ion Concentration = 6.3 × 10C?

C.

Shampoo: Hydrogen Ion Concentration = 7.35 × 10C34

Part 3: Look at What We Can Do Now!

Example1: Simplify

𝑙𝑜𝑔34 (1003.? )
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Example 2: Solve

4D = 500

Example 3:
A city population in 2000 was 54, 500. It has been shrinking each year by 1.5%. When will the population
reach half of its 2000 value if it continues to decay at the rate of 1.5% per year?

9)

A city's population in 1995 was 120,000 and is GROWING by 1.1%. In what year will (or did) the population
reach 150,000? Carefully think about what your input variable, x , should be.

10)

We explored the growth of the Ebola Virus in 2010. We found the exponential equation that modeled
the number of Ebola cases, E, was 𝐸 = 130(1.8F ), where t represented the number of months since
April 1, 2010. Use this model to find when the number of cases was 1,300. Does your answer seem
reasonable? Why or why not?
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11)

We explored how the value of a car depreciates over time. We found that the model for the value, W,
of the 2016 Prius t years after it was sold is given by the equation 𝑊 = 27,000(0.85F ). Use this model
to find when the value of the car will be $10,800.

12)

Suppose you invest $5,000 in an account that earns interest compounded annually (once a year) at a
rate of 6%.
A.

How long will it take for the investment to reach a value of $20,000?

B.

How long it will take the investment to reach $20,000 if the rate is 12%.
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